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MANUFACTURED IN THE UNITED STATES OF AMERICA 




PREFACE 


This investigation is an outgrowth oj numerous requests to 
calculate the characteristics oj particular crystal vibrating 
systems, each oj which required a separate analysis and 
laborious computation. As the number and complexity oj 
the problems increased, the value oj a thorough analysis 
covering all such situations became obvious. Accordingly, 
a general analysis oj a large class oj crystal vibrating systems 
was made and a set oj design curves constructed on the basis 
oj this analysis. 

The validity oj the calculations was established by ex¬ 
perimental check oj the predictions based on the curves. It' 
is believed that the time and effort spent was well justified 
since the extremely slow procedure oj building and testing 
numerous experimental models has been eliminated. 

The analysis and curves as preseyited here cover a good 
portion oj the systems and materials likely to be used. It is 
hoped that this has been achieved without any sacrifice oj 
compactness and convenience in use. 

This project was undertaken under the authorization oj 
the Sonar Design Section oj the Bureau oj Ships, in connec¬ 
tion with development oj crystal materials and their appli¬ 
cation to Naval equipment. 
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INTRODUCTION 


This publication presents a detailed study of crystal vibrating 
systems and design procedures essential to the design of pro¬ 
jectors. These procedures involve a general set of curves based 
on fundamental piezoelectric relations. Use of the curves 
reduces the computation required to a simple and straightfor¬ 
ward method, which is adequate to cover any system composed 
of a piezoelectric material, vibrating in either thickness or 
longitudinal mode, in combination with any backing system and 
driving any medium. The performance' of other piezoelectric 
devices such as wave filters, blast gages, and accelerometers can 
also be treated by following the procedures presented for 
projectors. 

Part I contains the design curves and detailed explanations 
of their use. Particular systems using ADP and X-cut Rochelle 
salt crystals are discussed as an additional guide to the use of 
the curves, and to illustrate important changes in the per¬ 
formance of the system brought about by changes in the design 
or the operating conditions. Specific topics covered by the 
design procedure include resonant frequency, electrical input 
impedance, transmitting response, receiving sensitivity, and 
efficiency. Part I is subdivided into eight sections. Section 1 
is concerned with the quantity y, which is used throughout the 
remainder of Part I as a parameter. The subsequent sections 
treat the specific topics mentioned above. 

Part II contains the mathematical analysis and the deriva¬ 
tions of the expressions used in constructing the curves of Part 
I. Detailed study of Part II is not necessary for intelligent use 
of the first Part. 

Appendices A and B contain units, definitions, symbols, con¬ 
ventions, and tables and graphs of physical constants. 
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SECTION 1 
CALCULATION OF 7 


The quantity y is used throughout the design 
curves as a variable. An. inspection of the 
equations derived in Part II will show that most 
quantities to be calculated are periodic func¬ 
tions of 7 . where 7 = ^ 


« = 360° F or 360° N ( 10 )’, 

A'^=frequency in kilocycles, 

Z, = Length in centimeters of that part of 
the S 3 ’stem under consideration, and 
I’=velocit 3 ’^ of sound in cm/sec in the 
part of the system under considera¬ 
tion. 


Because of the periodic nature of the func¬ 
tions, we are able to cover an infinite range of 
N, L, and V by a plot of the functions for one 
period (0°^7^360°). 

The curves, therefore, cover onl.v the range 
0°^7^360°, and the calculated 7 must be 
reduced, if it exceeds 360°, to a positive angle 
between 0° and 360° by subtraction of the 
appropriate multiple of 360°. 

Although it appears from the definition of 7 
that a simple slide rule calculation will suffice, 
the accuracy will be poor when several multiples 
of 360° must be subtracted. The curves given 
in this section are designed to eliminate this 
difficulty. They may be used to obtain values 
of 7 for a large range of the variables L, I’, and 

From the first set of curves given here (con¬ 
sisting of one family, page 5), we find the 
quantity L'ozL/V. L is plotted along the 
horizontal axis, V is the parameter from curve 
to curve, and L' is plotted along the vertical 
axis. Note that the L scale can be multiplied 
or divided by any quantity if the L' scale is 
multiplied or divided by the same quantity*. 
Three such scales have been provided. 

The second set of cui-ves (consisting of three 
families, pages 6 , 7, and 8 ) gives the required 
7 as a function of L' and the frequency 
Here 7 , in degrees, is plotted along the vertical 
axis, A^, in kilocycles, along the horizontal axis, 
and L' is the parameter from curve to curve. 

Points to be noted in the use of the second 
set are: 

1 . Interpolation is exactly linear. 


2. The value of L' obtained from tiio first sef 
determines wliich of the three families of tlie 
second sid is to be used: 

if use Family 1 . page (i; 

if 0.1 10. use Family 2 , page 7; 

if Z'>10. use Family pag«’ S. 

.‘). For Famih' 1 (pag(‘ 6 ) of the second set, A’ 
is plotted along the liorizontal axis for \ aiues 
from 0 to 100 kc. *> is plotli'd in <h“gi'<'es 
along the vtutical axis in two scales, and two 
coiii'sponditig scales of L' arc* talndated 
along the right as imiicated l)y tlu' ari'ows 
at the to]). 

4. For Family 2, page 7. A’ is again i)lotted 
along the hoiizonlal axis for values from 0 
to 100 kc. and 7 in degrees is i)lotte<l along 
the vertical axis. The group of dotted 
curves on this graph gives 7 for 0.1 ^ 1 . 0 . 

Values of L' from th(‘ dottc'd lin(‘S an' tubu¬ 
lated on the right just insi<l(' tlic graph. 
The remaining curves a])ply to the case 
J. 0 ^Z,'^ 10 ; Notice that the curve for 
L' = 2 lias two cych's over a rangi' of A’ from 
0 to 100 kc. Similarly, tlie one for L' = ‘.i 
has tliree cvcles. and so on to L'=\i) with 

4 

ten cycles. The inti'ipolation between two 
integral values of Z,' can he carried out as 
shown in the following example: To find 7 
for L' = 5.7 and A'—3(5. First, choose tlie 
closest integral values of L' which hound 
the given value of L'. For 7. the 

bounding values will lie and ti. Then 
starting from the frequency axis (7 = 0 ), 
move toward incri'asing values of 7 along 
the ordinate for the given value of freipiency 
(A’^=3r)) and read the value of 7 (260°) at (he 
fii*st intersection of this ordinate with the 
curve for the smaller integral value of L' (o. 
in this case). This value of 7 will always la* 
less than 360°. Next, co/itinve toward hi- 
creaxiny values of 7 ( 7 >-290°) along the muih' 
ortlinale (A^=3(>) and read tlie vahu' of 7 
(417°) at the first intersi'ction of this ordi¬ 
nate with the curve for the* larger value of 
L' ( 6 ). The desired value of 7 is then given 
by linear interpolation [7 —290°-r().7{417° — 
290°) =379°]. If the resulting value of 7 ex¬ 
ceeds 360°, it must be reduced by subtract- 
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ing 360® (379® —360®= 19°). Values ob¬ 
tained from these curves will never exceed 
720° and may always be reduced to the re¬ 
quired angle by subtracting 360° when the 
7 obtained lies in the range 360 °< 7 ^" 20 ®. 
5. For Family 3 (page 8) N is plotted along the 
horizontal axis in ten scales. The range of the 
parameter L' is from 10 to 100. Interpola¬ 
tion is the same as for Family 2. 

To summarize the procedure: 

1. Knowing L (length in cm) and V (velocity 
in cm/scc), we rend L' from Set 1, page 5. 

2. VVitli this value of L' we choose the proper 
Family 1, 2, or 3, of Set 2, pages 6, 7, 8, and 
from L' and the given N (frequency in kc) 
we obtain the value of y (in degrees) corre¬ 
sponding to the given value of L, V, ntul N. 

Table 1 on page 3 gives the longitudinal bar 
and bulk velocities in various solids. The ve¬ 
locity of sound in some liquids is also given in 
the table. 

The effective velocity of sound, V', to be used 
in these calculations is a rather complex func¬ 
tion of the exciting frequency and tlie shape 
and dimensions of the vibrating element. 
Very few tlireo dimensional elastic solid prob¬ 


lems have been studied in detail, but the fol¬ 
lowing comments may be used as a guide in 
obtaining an approximate value of the effective 
velocity in the elements of most of the vibrating 
systems considered in this report. 

1. For cylindrical elements of approximately 
circular or square cross section, with free 
sides, the effective velocity varies with the 
ratio of diameter to wavelength as illus¬ 
trated by Fig. la, page 4. 

2. For rectangular elements with free sides (for 
example, crystals) whose thickness is less 
than the width, the effective velocity for 
the element vibrating in extension (not 
thickness) varies with the ratio of width to 
wavelength ns illustrated by Fig. lb, page 4. 

3. Constraints on the sides of the cylindrical 
elements have the effect of increasing the 
ratio of diameter to wavelength. Similarly, 
the effective ratio of width-to-wavelength 
for rectangular elements is increased by 
constraining the sides. 

4. The velocity for a zero diameter-to-wave- 
Icngth ratio is the long bar velocity and the 
velocity for an infinite diameter-to-wavc- 
length ratio is the bulk (plate) velocity. 


2 



TABLE 1 
VELOCITIES 


Material 


Longitudinal bar veloc¬ 
ity (cra/sec) X 


Bulk (plate) 
velocity 
(cm/sec.) 
XlO-5 


Aluminum 



Copper----- 3.58 


Glass 


Magnesium_ 4.9. 

ADP (NH4H2PO4) 45° Z-cut_ 3.28 


Rochelle Salt 45° Y-cut_ 2.47 


6.4 


4.25 


4.6 




Rochelle Salt 45° X-cut__ See graph page 4- 


Quartz X-cut_ 5.44- 


Tourmaline Z-cut 


4.9-5.8 



4.92 




5.72 


7.54 


Material 

Velocity cm/sec 

xio-» 

Water (fresh)__ 

1.43 

Water (sea)__ 

1.51 

Alcohol.- - _ 

1.44 

Mercury. . __ . 

1.46 

Pentane__ _ 

0.75 

Air_ _ 

0.331 
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SECTION 2 

RESONANT FREQUENCY 


In radiating systems (for example, many 
underwater projectors) where first consideration 
must be given to an efficient transfer of energy, 
it is desirable to operate in the neighborhood of 
a resonance. In other systems a flat response 
characteristic is desired and the system must 
be operated off resonance. In any case, the 
position of the resonances determines the 
frequency bands over which the system may be 
operated for a specific application. This is more 
fully discussed in Section 4. 

The resonant frequencies may always be 
determined from a suitable reactance curve. 
When, however, a reactance curve is not 
needed, the curves of this section may be used to 
obtain values of the resonant frequencies di¬ 
rectly. They apply to undamped systems com¬ 
posed of a crystal with a single backing ma¬ 
terial on either or both ends. 

The curves given here are divided into several 
sets. The first two sets are plotted particularly 
for first and second resonances of ADP crystals 
(NH^HjPOO but also give a good approxima¬ 
tion for Y-cut Rochelle salt. The last set is for 
determining all resonances of any crystal in 
combination with any backing material. 

The first set of curves (page 12), consisting 
of one family, shows the variation of the first 
resonant frequency (in kilocycles) of a free 
ADP crystal as a function of the length of the 
crystal and its length-to-width ratio. The length 
of the crystal is plotted along the horizontal axis 
on a reciprocal scale for lengths of crystal from* 
1 cm to infinity. The frequency (in kc) of the 
first resonance is plotted along the vertical axis 
on a linear scale; the parameter from curve to 
curve is the length-to-width ratio. 

The higher resonant frequencies of a free 
crystal with infirite length-to-width ratio are 
odd integral multiples of the fundamental. 
This condition is effectively reached for Lflu 
~3.0. 

Each page of the second set* (pages 13 to 17) 
applies to a particular length of ADP crystal 
and covers both the situation in which plate 


velocity in the backing material is used, and 
that in which longitudinal velocity in backing 
material is used. The abbreviations designate 
different backing materials as follows: AL, 
aluminum; ST, steel; BR. brass, and LE, lead. 
The subscripts 1 and 2 designate first and 
second resonant frequency respectively. 
Length and type of backing material for obtain¬ 
ing a given first and second resonant frequency 
may be obtained easily from these curves. 

Interpolation between the longitudinal and 
plate cases is possible. See page 2, Section 1, 
for a discussion of the influence of the ratio 
of diameter to wave length on the effective 
velocity. 

A comparison of tlie curves for first and 
second resonant frequencies shows that the 
ratio of frequencies of second to first resonance 
can be varied through rather wide limits. 

Note that lead is much more effective in 
lowering resonant frequency than any of the 
other three metals, and that aluminum is as 
effective as steel in obtaining low resonant 
frequencies for backing lengths greater than 
1.5 or 2 cm. 

The plateaus occurring in the curves show that 
in certain regions the resonant frequency is 
insensitive to changes in the length of backing 
material. This property is very useful in design¬ 
ing systems in which both the first and second 
resonant frequencies are specified. 

The third set of curves (page 18) consists 
of one family which can be used to obtain the 
resonant frequencies in the general case where 
a crystal has a single backing material on one 
end or on both ends. This set of curves is based 
on the following condition for resonance, which 
is derived in Part II, Section 4: 

'ye-|-0£|-l-a2 = w(l8fi°) (!)■ 

where n takes on integral values. Setting n 
equal to one provides the condition for the 
first resonance; 7i=2 the condition for the second 
resonance, etc. The subscripts 1 and 2 on a 
refer to material on ends 1 and 2 of the crystal. 


•These curves are plotted for the system free (not radiating). In many systems, immersion in water 
causes only a negligible shift in the resonant frequency. If it is suspected that an appreciable shift will be 
introduced by immersion, an impedance curve should be plotted. See Section 5. 
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iin 


Hv r*nnvcijhcMi, eJul I will tli<‘ Irft v\m\ when 
flu' ct vs(}il-in«'tui svstc'in lies llu' X-axis. 

■y, (Mic stjl)srtii)f c Hriiotrs crvstnl) is (l('rinc(l 
in Scc-(miii I and tnay Ik* evaluated from the 
futves thcr<“. 

a (in d<‘{:n-c’s) is plotted nlon^ the V('rtical 
axis as a fnnetion of y (in (h-jrrees). The 
paranH'trr from curve to cMirve is (he ratio of 

pe.laMces 

the <haraet<Tistie impedance of the material on 
the /til end of the crystal. f>,\ \ is the charac¬ 
teristic iinpcilance of the crystal, and Af/Ae is 
the ratio of areas. A table of characteristic 
irnpedaiH’cs is ^iven on paj;e 1 1 of this setdion. 

system iisin;: a ^iven crvstnl mat(*rial with 
a driven hacking' material or> only one end (let 
ns say end 1) may he designed to have n specified 
first resonanci* hy the following; proc(*dure 
(extension to nth resonance will he dis<'ussed 
later): 

1 . ('hoose u convi'iiient lenjjth of crystal. 

2. FAaluate y, (Section I) for the particidnr 
crystal material at the desired resonant 
freipiency. 

'.i. From K(|. (1) cnh-ulate ai. (Since there is 
no hacking on end 2. 02 = 0 , and wo have 
a, = 180°-y,.) 

\* / 1 \ 

4. Calculate the parameter / "^riiis 

ratio indicates which I’lirve of the family 
should he us(‘d. 

!). The appropriate y (the y, for the hackinj^ 
material) is read from the intinsection of the 
line, for oi nml the correct curve of the 
parametei'. 

(). Find tin- reciuinal lenjrth (cm) of bnckinj' 
material from 

r 




:iO():V( 10)^ 


r-, cm 


where r=velocity of sound in em/sec in the 
material on (>nd 1 (Sei* |)a^e 3 for 
tnhle of velocitii's) 

A^=desired resonant frequency in kc. 

If the crystal is to have haekinjr material on 
both ends, the leiij'th of one of the hacking 
materials as well as a len^dh of crystal must 
he chosen arbitrarily. Suppose the lenj;th of 
material on eml 2 is chosen. After y> has been 


obtained from Section 1 and the ratio 


PjI 2 /^ 2 \ 

P.r.UJ 


evaluated, 02 is read from the curves of Set 5 


paj^e 18. a, is then given by Eq. (1) os 
a,= 180®— (y<r+a 2 ). The length of material for 
end 1 is determined as in steps 5 and 6 above. 

In the event that a calculated from Eq. (1) 
is negative, the value of 7 * and/or the other a 
(if not zero) must be made smaller by choosing 
a shorter length of crystal and/or backing ma¬ 
terial. 

The graph may be extended to cover the 
case of the nth resonant frequency, by adding 
(a —1)(180®) to both the horizontal and vor¬ 
tical scales of the family and applying the 
<*ondition 

y( + ai + a2 = n(180®). 

The graph has scales for obtaining both first 
and second r(‘sonant frequencies. Inner scales 
should he used for first resonance and outer 
scales foi* se<*ond resonance. 

Several interesting effects ore illustrated by 
th(‘ curves of this set. The rapid rise of tho 


<*urves 


for small y and largo ratios 


P.V,/ 4 .\ 

peVe \aJ 


indicates a rapid lowering of resonant fre- 
(|Uency for small thicknesses of backing ma¬ 
terials which have a characteristic impedanco 
larger than the characteristic impedance of tho 
crystal. The level portion near the center of 
the graph for tho same materials is a region 
where the resonant frequency is relatively in¬ 
sensitive to changes in length of the backing 
matiM'ial. There is another sensitive region for 
t lnvse materials ns 7 approaches 180®. 


For materials of small ratios 


PiVi /^A 

P«t’, vh/ 



sensitive region is in the center, and the iu- 
sensitivi* rc'gion is near the ends. 

An important factor limiting the operation 
of vibrating systems nbo\it a resonant fro- 
(jueney is the usable frequency band (usable 
band width). For example, the usable band 
width about the second rt'sonant frequency 
varies from zero to a baiul as wide ns that 
associated with the first resonance. If the de¬ 
signer wishes to operate the system in the 
region of the second resonance, he should make 
certain that the band is sufficiently wide for 
efTective operation. 
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As the length of backing material decreases, 
the band width about the second resonance 
approaches zero, so that for a free crystal this 
particular resonance has disappeared entirely, 
and the next resonance above the first appears 
at a frequency three times that of the first 
resonance. 

Sec Section 4 for a fuller discussion of band 
widths. 

Obviously, the third set of curves in this 
section may also he used to obtain the resonant 
frequency of a system of given dimensions. 
For this purpose, a curve of resonant frequency 


versus lengtli of one of the elements must l)e 
plotted. Points for such a curve are obtained 
as follows: 

1. Assume an arbitrary value for the resonant 
frequ(‘ncy. 

2. Choose the length of some convenient ele¬ 
ment of the svstem as a variable and solve 

% 

for this length as previously described. 

.‘h Vary the assumed resonant frequency and 
calculate another length. 

Two or three points obtained in this manner ai e 
usually sufficient to locate tlie resonant fre¬ 
quency of the given system. 


TABLE 2 

CHARACTERTISTIC 1IV1PEDANCE (pT ) 


SOLIDS AND LIQUIDS 


Material 

Deii.^ity p 

('haraol eristic 
impedance 
(l)ar velocity) 

('harart(‘ristic 
impedance p V 
(plate veltK'ity) 

1 

Aluminum. ^ 

Brass__^ 

Copper... . . ' 

Lead .- 

Nickel..... 

Steel.. 

Gloss... 

Magnesium. 

glcm* 

2. 65 

8 . 5 1 

8 . 93 

11.4 
' 8.9 

i 7.8 

2. 5-5. 9 

1. 74 

gl{cni^se<.) 

1. 39(10)« 

2. 90 

3. 20 

1.42 
i 4. 23 

j 3. 93 1 

il. 12-3.2 

1 0. 85 

g!{cin^ser.) 

1. 70(10)'' 

3. 61 

4. 11 

2. 73 

4. 98 

1 4. 76 

1.2-3. 4 

1 

Water (fresh).. 

i i.oo 

j 

! 1.43(10)^ 

1 

Water (sea). 

! 1.00 

1 

1. 55 

4 

Alcohol.- . 

! 0. 79 

1. 14 

i 

i 

Pentane._ .. . 

0. 70 

. 0. 53 


Mercury.. . 

1 13.6 

19. 8 

\ 

Air__ _ 

' 1.29(10)-^ 

' 43 

» 

i 


CRYSTALS 


Plated crystal 

Dcusity p 

Characteristic 
impedance pV 
(bar velocity) 


gfem* 


45° Z-cut ADP — 

1.80 

5. 90(10)* 

45° Y-cut Rochelle_ 

1. 77 

4. 37 

45° X-cut Rochelle - .. 

1. 77 

Use graph page 4 

X-cut Quartz . 

Z-cut Tourmaline 

, 2.65 

2. 98-3. 2 

14. 4 
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SECTION 3 

ACOUSTIC IMPEDANCE OF BACKING MATERIAL 

COMBINATIONS 


III any crystal system tlie resonant frequency, 
electrical input impedance, and response are 
determined to a great extent by the mechanical 
systems to which the crystal is coupled. Both 
the type of material and the geometrical con¬ 
figuration of the coupled system must be 
considered. 

One-dimensional mechanical systems are con¬ 
veniently characterized by the acoustic imped¬ 
ance. defined by Z=P/i, where P is the foi-ce 
per unit area (stress) and { is the particle 
velocity.* 

The curves of this section, which are divided 
into two sets, permit the evaluation of the 
acoustic impedance of single or multiple-mate¬ 
rial backing systems. The first set (consisting 
of two families, pages 23 and 24 ) is for use with 
single-material backing systems terminated in 
a pressure release material, such as air or cork, 
and the second set (consisting of one family, 
J)age 25 ) is for use in evaluating the impedaijce 
of multiple systems and of single systems not 
terminated in zero impedance. Obviously, this 
second set could also be used for all single- 
material systems. 

A table of the necessary physical constants 
^ given in Appendix B. 

The first set of curves, pages 23 and 24 , shows 
the variation of the quantity plotted on a 
ogarithmic scale along the vertical axis as a 
unction of y„. in degrees (obtained from Section 
1)- 7m is the T of the backing material. (?ic= 

eiL-M.V .u 

PeK parameter from curve to curve. 

'^f**k*^”*^*'^*^^ is the acoustic impedance 

u the backing material at the crystal interface 

multiplied by where AJAe is the 

ratio of the area of backing material driven by 

e crystal to the area of the crystal, and peVt 

impedance of the crystal 

A ratio 

nIAt deviates very far from unity, an estimate 


should be mad<‘ of tin* cfl’i'ctive area dtivcui by 

% 

the crystal. This will not coincide with tlie 
geometric area. In geinual. elements of widely 
diff(*r(‘nt areas should be joiiu'd not dircu-tly 
but by inserting a smoothly tap(‘red section 
bi'tween them. 

P’our different scales are given for y„„ and 
(jiA I has four < orresponding scales; 

For 90 °, read the values for 'i 

as positive*; 

90 °^ 7 „,^ 180 °, read the values for Oi^U, 
as negative; 

180 °^ 7 „,^ 270 °, read the values for 


as positive; 

270 °^ 7 „^ 3 n 0 °, read the values for 
as negative. 

To obtain values of GtA \ for values of (i)e 
not shown on the curves, the given values of 
can be divideel or multiplied by any mimher 
if the ve'itical scale,' i, is also divided or 
multiplied by the same number. The hori¬ 
zontal scale (7m) remains unchanged. 

The second set of curves shows the variation 
of the quantity X,lpiVt plotted along the 
vertical axis as a function of Vt. plotted in 
degrees along the horizontal axis. The param¬ 
eter from curve to curve is the (piantity 


plotted in two scales, 

0°^7,^180°, and 180 ° 57 ,^ 360 °. When using 
the vertical scale, it should be noted that for 


values of XtlptVt^ —0.1 and Ai/piT j^+0.1 u 
logarithmic scale is use<l, and for 
— 0.1 ^ f linear scale is used. 

This method enables one to plot the entire 
range of values of XijpA t on one sheet. The 
scale for the linear part of the curve was chosen 

to make the slope continuous. 

A repetitive procedure is follow'ed in using 
this set. Note that the zero boundary is the 
first boundary on the right. This places the 
nth boundarj’ to the left of the nth material. 
The diagram (Fig. 2 ) illustrates the convention. 

X<, is the input reactance per unit area into 
the medium on the right of the first backing 
material. X,=0 if the medium is a pressure- 
release material. Xt is the acoustic input 


See P. M, Morse—Vibration and Sound, Chapter VI, McGraw-Hill Book Co. 
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Figure 2. 


impodftiicc into tlie itli material at the ith 
interface. In general, if the total reactance 
at the zero boundary is Xgj, and the effective 
area of the medium driven by the material at 
this boundary is Ao^., then Xo=Xg^lAor. Using 
the constants of the system and the calculated 


Xg, the parameter, 


/Ag\ 

p^vKaJ' 


is evaluated 



the first material (t=l), and the curves of this 
set are used to find the value of X[lpiV\. The 
required y is obtained from Section 1. Multi¬ 


plying X,/p,V, by gives the value of 

the parameter I® be used in calcu¬ 

lating XjlpiVj, which is then multiplied by 
to obtain the next parameter, etc. 


The process is repeated as often as necessary to 
obtain XJpnV^. Multiplying Xb/p,V, by 
jpnVn gives the reactance per unit area. 

In projector design it is convenient to use the 
quantity OkUu which is the load per unit area 
of the crystal divided by the characteristic 
impedance of the crystal, and is given in terms 
of XjpnVn by the following relation: 



where p.U, is the characteristic impedance of 
the medium next to the cyrstal, A^ is the area 
of the medium (per crystal) next to the crystal, 
PfVt is the characteristic impedance of the 
crystal, At is the area of the crystal, and 
XJp^Vn is the quantity obtained from the 
curve. Notice that if the areas of the backing 
materials arc all equal, all ratios Ai^JAi^l 
with the possible exception of AJAi. 

The following form of table (Fig. 3) has been 
found convenient in recording values obtained 
from these curves. 

Input impedances have been calculated for 
the three systems given below to illustrate the 
use of the curves. See Table 3 for a sampln 
table of calculations, and page 22 for a com¬ 
parison of the impedances. Additional illustra¬ 
tions are furnished by the curves of particular 
systems in Section 8. The following systems 
are free on one end. 

Example I: Calculate the input Impedance 
per unit area into the steel end of a steel- 
aluminum combination as illustrated in Fig. 
4-a. The effective velocity hero is the longi¬ 
tudinal bar velocity. 

The calculations are given in Table 3 on page 
21, and the quantity Xt/ptVt (the input im- 


N 

x, 




X. 

1 

JL 


JL 

P.K 


FREQ. 

K.C. 

L, 



Ln 





A. 




1 








PiGURE 3. — Table iUuitralirig arrangemenl of work. 










pedance of the system divided by the character¬ 
istic impedance of steel) is plotted on page 22 
as a function of frequency. 

Example 2: Calculate the input impedance 
per unit area into the aluminum end of the same 
combination as Example 1 (see Fig. 4-b). The 
quantity plotted on page 22 isX 2 //> 2 V 2 \vhei e ^> 2^2 
is the characteristic impedance of aluminum. 

Ejamplf S: Calculate the input impedance per 
unit area into the aluminum end of the alu¬ 
minum-lead system illustrated in F'ig. 4c. 
Longitudinal bar velocity is again the effective 
velocity. The quantity X 2 IP 2 V 2 is plotted on 
page 22. 

Notice that the. input impedance in this 
system is the same from cither end because the 
characteristic impedances of lead and aluminum 
are practically equal when the longitudinal bar 
velocities are used. 


STEEL 

ALUM. 

0.5 CM. 

0.5 CM. 


(a) 


ALUM. 

STEEL 

0.5 CM. 

0.5 CM. 



ALUM. 

LEAD 

0.5 CM. 

0.5 CM. 



Figure 4. 


TABLE 3 


Lx = 0.5 cm.; L,' = 0.096 
Li=0.5 cm.; X 2 ' = 0.l00 
P.VV.02V2=0.354; AxlA2=\.0 


N 

freq. Kc. 

>1 

yt 

A'o 

A', 

P.V'. 

A', //1,\ 
pjVXAjJ 

A-, 

Otct/l — 

p.vXaJ 

10_ 

3. 4 

■ 4. 0 

0 

0. 06 

0. 02 

0.10 

0. 73 

15._ 

5. 1 

5. 5 

0 

. 09 

.03 

. 13 

. 95 

20_ 

6. 9 

7. 0 

0 

. 12 

. 04 

. 17 

1. 24 

25. 

8. 6 

9. 0 

0 

. 145 

. 05 

. 22 

1. 60 

30_ 

10. 4 

11. 0 

0 

. 18 

.06 

. 26 

1.89 

35_ 

12. 1 

12. 5 

0 

. 215 

. 08 

. 30 

2. 18 

40_ 

13. 8 

14. 0 

0 

.25 

.09 

-. 37 

1 

2. 69 

45_ 

15. 5 

16. 0 

0 

. 285 

. 10 

.41 

2. 98 

50_ 

17.2 

18. 0 

0 

. 315 

. 11 

.46 

3. 35 

55_ 

19. 0 

20. 0 

0 

. 35 

. 12 

. 53 

3.86 

60_ . 

20. 7 

21. 5 

0 

. 38 

. 13 

. 56 

4. 08 

65_ 

22. 4 

23. 5 

0 

. 41 

. 14 

. 61 

4. 44 

70_ 

24. 1 

25. 0 

0 

. 44 

. 15 

. 66 

4. 80 

75_ 

25. 9 

27. 0 

0 

.49 

. 17 

. 75 

5. 46 

80_ 

27. 6 

29. 0 

0 

. 52 

. 18 

. 81 

5. 90 

85 _ . 

29. 4 

30. 5 

0 

. 56 

.20 

. 88 

6. 41 

90 _ 

31. 0 

32. 0 

0 

. 60 

.21 

.96 

7. 00 

95 _ 

32.8 

34.0 

0 

. 65 

.23 

1.07 

7.79 

100 . 
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. 69 
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SECTION 4 

RESONANT FREQUENCIES OF SYSTEMS WITH 

MULTIPLE-MATERIAL BACKING 


In Section 2 curves are given for obtaining 
the resonant frequencies of a system in whicli 
the crystal is coupled to a single backing 
material. However, in designing a system to 
have several given resonant frequencies and 
given band widtlis al)out these frequencies, a 
combination of several backing materials is 
often desiiable. This section (>nables the 
designer to evaluate the electrical resonant 
fre(|uencies of these multiple systems and to 

4 

obtain, at the same time, values for the approxi¬ 
mate band widths of the transmitting response 
and receiving sensitivity. 

Curves of the resonant frequency of the sys¬ 
tem as a function of the clastic constant of one 
of the components of the system may also be 
plotted. Such curves are useful in determining 
elastic constants dynamically when the material 

to be measured cannot be fastened directly to 

% 

the crystal. They also enable one to choose a 
configuration for which the resonant frequen¬ 
cies of the system are sensitive to changes in 
the elastic constant of the material under 
measurement. 

To find the resonant frequencies of undamped 
systems with multiple backing, the curves of 
this section (consisting of a single family, page 
32) must be used with those on acoustic im¬ 
pedance (Sets 6, 7) given in Section 3. 

A damping medium usually has a negligible 
effect on the resonant frequency, but if it is 
necessary to consider the shift caused by 
damping, the methods of Section 5 are appli¬ 
cable. 

The motional reactance XoiZo (see Part II, 
Section 2 for theory) is plotted on page 32 as a 
function of (obtained from Section 1). The 
quantity Gie (tabulated in the upper left corner) 
is determined by the medium into which the 
system is radiating. When the radiation is 
zero, (?2f=0. The parameter from curve to 
curve is the quantity GitU\, defined in the pre¬ 
ceding section. Curves for evaluating this 
quantity are given in Section 3. 

Notice that the curves are labeled only for 
positive values of the parameter GuUi. With 
these positive values the inner scales along the 


axes sliould be used; that is. the scales in which 
increases from left to right and XJZq in¬ 
creases from the bottom of the page to the top. 
For negative values of the two outer 

scales for y, and A'n/^o used. 

The positions of the vertical asymptotes of 
the Xoi'Zq curves are indicated on the liorizontal 
axis by dotted lines and appropriate labels. 

F'igure 5 shows a convenient arrangement for 
the work. 
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Ficurb 5. 


The family of curves given in this section is 
used to obtain a single curve of XJZq vs. N 
for the particular system under consideration. 
The positions of the zeros of this XofZ^ curve 
give the resonant frequencies of the system. 
The asymptotes of this curve locate the ap¬ 
proximate positions of the minima in the 
transmitting response and in the receiving 
sensitivity. Since each resonant frequency is 
enclosed between two such minima, it is clear 
that the spacings of the minima determine, to a 
great extent, the usable band width about each 
resonant frequency. 

For the effect of radiation on resonant fre¬ 
quency and for more complete information on 
band widths Section 5 should be consulted. 

The curves on pages 28, 29, and 30 show the 
motional reactance for several particular sys¬ 
tems. Relative band widths can be obtained 
by considering the spacings between the 
minima. 

The curves on page 28 illustrate the change 
in reactance with length of backing material for 
a single backing material (lead). 

The curves,on page 29 compare the effect of 
a double backing material (aluminum and lead) 
with the effect of an equal length of either of 
the materials separately, when the velocities for 
the two materials are identical although the 
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separate densities aind velocities differ. Note 
that in this example there is a shift of the second 
resonance but no shift of the first resonance. 

The curves on page 30 compare the resonant 
frequencies of a double backing material system 
composed of steel and aluminum when the cry¬ 
stal is attached to the steel, with the resonant 


frequencies of the system when the crystal is 
attache<l to the aluminum. Calculations for 
these curves are found in table 4. The calcu¬ 
lated first and set^ond resonant freq\iencies for 
a single backing material of the same overall 
dimensions are tabulate<l on page 30 for 
comparison. 


TABLE 4 


ADP Zr=2.5 cm 

Aluminum L=0.5 cm 
Steel L~0.5 cm 
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SECTION 5 

ELECTRICAL INPUT IMPEDANCE 
TRANSMITTING RESPONSE 


For any crystal system the electrical input 
impedance characteristics (motional and total) 
can be used directly to obtain values of such 
quantities ns resonant frequencies, sharpness of 
tesonance, usable band widths, and transmit¬ 
ring response. In addition, a knowledge of the 
electrical input impedance characteristics is 
necessary for the design of a suitable driver 
and coupling circuits. 

The curves of this section yield both motional 
input impedance and total input impedance. 
The range is sufficient to cover all values of 
both the density and the elastic constants of 
the crystals, the backing materials, and the 
driven medium. 

It is convenient first to describe the curves 
ro\ighly, and then to indicate directions for 
their use by a single example. Following this, 
effects resulting from varying certain quantities 
are discussed and illustrated by examples. 

The curves of this section are divided into 
five main sets, pages 63 to 101. The first 
three sets are concerned with the quantities 
and XJZq (see Part II, Section 2 for 
theory). Electrical resistance and reactance 
(motional) in ohms are obtained by multiply¬ 
ing /?o/Zo and XJZq by Zo/tp^: 

where 

Z, =the motional impedance per crystal; 
that is, the contribution of the mechani¬ 
cal motion of the crystal to the electrical 
impedance. 

Z(,==ptVeAe, the characteristic impedance of 
the crystal multiplied by the area of the 
crystal, 

ip={dl8)l„, 

/»=width of the crystal, and 
(d/ 5 ) = a constant for any specific cut of a par¬ 
ticular crystal {d is the piezoelectric 
constant and s is the elastic constant). 

The first set of curves (consisting of twelve 
families, pages 63 to 74) shows the variation of 
RoIZq plotted on a linear scale along the vertical 
axis as a function of yc, in degrees (obtained 


from Section 1) plotted along the horizontal 
axis. The parameter from curve to curve is 
Giel\, the impedance load of the backing 
material per unit area of crystal divided by the 
characteristic impedance of the crystal. The 
values of are obtained from Section 3 

on the acoustic impedance of backing material 
combinations. The rapge of GuVi on the 
curves is from 0 to <» . Wlion is positive, 
use the ye scale which varies from 0° to 360° 
from left to right; when Gul\ is negative, 
consider the signs of the labels negative and 
use the 7 « scale which varies from 0° to 360° 
from right to left. 

The parameter from family to family is G^e, 


defined by ggf—i. 

Pe^ c 



the ratio of the 


characteristic impedance of the driven-medium 
to the characteristic impedance of the crystal. 
A family of curves is given for each of twelve 
values of Gje from 0.1 to 10. It is suggested 
that instead of trying to interpolate between 
families the designer choose a family on each 
side of the given value of 6 ^ 2 ,, draw two charac¬ 
teristic curves of RoIZo, and interpolate between 
these. A table of characteristic impedance 
values is given on page 11, Section 2. 

The example to be used as an illustration is os 
follows: 1,000 ADP crystals are mounted on 
high Q lead alloy backing units. The dimen¬ 
sions of the composite units are such that the 
longitudinal velocity is realized. Crystals are 
2.5 cm long, 1.0 cm wide and 0.5 cm thick. The 
lead backing is 0.25 cm thick. The medium 
driven is water. The units are coupled to the 
driver through a cable which has a capacity of 
2.00(10)"* farads and a Q of 50. We now 
calculate the input impedance and transmitting 
response. 

The value of G^e for the example is 0.26. For 
accurate results, we should plot curves of 
RqIZq vs. frequency (A^) for values of (j 2 e= 0.2 
and (j 2 t= 0.3 and interpolate for the inter¬ 
mediate value (j2c= 0.26. This method is often 
simpler than direct interpolation between 


33 



famili<‘s of liolZn vs. y, curves. Since our 
example was ehosi-n only to illustrate the 
e.ssenlial st(‘ps in obtaining the characteristic 
curves, wv will use the family for f72, = ().3 and 
ignore the interpolation. This curve {RJZo vs. 
A^) is ploltcfl on page 38, arul the work is 
arranged os in Table 5, page 41. 

Each curve for RnlZr, has a peak somewhere in 
the range I80°^7,^360° (for positive 6’„r’,). 
which at times makes interpolation in this 
region difficult. The second set of curves (page 
75 to 80) is a plot of /fn/^o on a log scab* for 
betw<‘en 180° and 300° for positive (or 

between 0° and 180° for negative (iuU\). .The 
log scale permits the entire peak to be plotted, 
thus aiding interpolation. There are twelve 
families, one corr<*sponding to each family of the 
first set. The parameters and the methods of 
using the curves are exactly similar to those of 
the first set. Even with this set, accurate 
interpolation nc'ar the peak is not always 
possible but since the peaks occur in the “anti- 
resonant” region (or region of low transmitting 
response), tlie positions are of more interest 
than the actuni heights. 

Tlie third set of curves (pages 87 to 99), con¬ 
sisting of thirteen families, shows the variation 
of XnjZn plotted along tlie vertical ns a function 
of y, (obtaineil from Section 1 ) plotted along 
the horizontal. OtXh is the parameter from 
curve to curve and (mo, is the parameter from 
family to family. It should be noted that in 
this set the inner scales of y, and XjZr, are used 
with positive values of and the outer 

scales are used with negative values of 
Certain sections of several of the families have 
been enlarged on the lower right hand side of 
the same sheet. 

In our illustrative example we again use the 
sheet for 6 ^ 2 ,=0.3. For this particular example, 
the XoIZq vs . N curve for the projector radiating 
is almost hienticnl with the Xo/Z^ curve for the 
free projector (i. e., in a vacuum, Oie=0). 
X(,/Zo vs. is plotted on page 38, and the work 
is arranged as in Table 5 , page 41. 

To obtain the components of the motional 
impedance in electrical ohms, multiply the 
quantities R^fZ^ and X^jZ^ by Zo/v>". Using 
MKS units (coulombs/metor*) for d/s (see Table 
8 on page 59), and expressing in meters, then 


<f>, equal to (dfs)l„ will be in MKS imits of 
coulombs/meter. For this example v? = 0.49- 
( 10 )"*. To convert Zo=pcVditt from the cgs 
system to the MKS system, multiply the value 
of Zo in grams/sec by ( 10 )"’. For the example. 

Zo=(10)-* 5.9(10)®(1)(0.5) 

= 2.9(10)* kg/scc, 

2 qfio*^ 

and ^o/v*=Q 25(10)“*^***^*®^^ ohms 

After the motional impedance per crystal has 
hern expressed in units of electrical ohms, the 
motional impedance of the crystal combination 
is obtained and is then combined with the 
impedance of the purely electrical elements 
{('or, coupling network) to obtain the total 
electrical input impedance (Zr) of the system. 
The equations have been set up in such a way 
that the impedance components due to motion 
{Rtm^Xtu) are coupled to the electrical system 
as illustrated in Fig. 6 (sec Part II, Section 2, 
for theory). 




Figure 6. 



('oT represents the longitudinally clamped 
capacity of the crystal combination. A table 
of dielectric constants for several cuts of various 
longitudinally clamped crystals is given on 
page 59 of this section. The capacity can bo 

KA. 

calculated by using the formula whore 

dielectric constant 
/I = area of crystal 

/i =distnncc between the elcctrodcd faces 


If A'is used as the ratio of the dielectric constant 
of the crystal to the dielectric constant of air, 
and /, is expressed in cm, the capacity Oo will be 
in units of cm. Co can be converted to farads 
by multiplying by l.l(lO)”'* or to micromicro¬ 
farads by multiplying by 1 . 1 . For the particu¬ 
lar example under discussion: 


,_14. 0(2.5)(1.0) 
® 4t(0.5) 


=5.57 cm 


or 6.13(10)-** farads. 
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Ri+ JXi 




Rt+jXi 


Consider the example illustrated by Fig. 7. 
It consists of a number of exactly similar crystal 
systems in parallel coupled to a driver through a 
cable of paralled electrical components C, and 
Ri. A resistance would in general be in parallel 
with Co because of the finite conductivity of the 
crystal and dielectric loss in the glue, but in 
many cases it can be neglected. In evaluating 
the electrical input impedance of a system such 
as that in Fig. 7, it is convenient to change the 
impedances to admittances, add the parallel 
admittances, and then change back to 
impedance. 

To facilitate this, evaluation, two sets of 
curves are given in this section on pages 100 
and 101. The first set (consisting of one family, 
page 100) is an impedance-admittance transfor¬ 
mation chart, i. c., the transformation G—jB= 

The plot is on log-log paper so 
that it may cover a wide range of values of the 
ratio of one component to the other (from O.OOl 
to 1000). On this chart, the variables R and X 
are plotted along the horizontal and vertical 
scales respectively, and the curves of constant 
G and constant B form the sets of intersecting 
curves. The curves of constant G meet the 
horizontal axis at right angles and the curves 
of constant B meet the vertical axis at right 
angles. The chart gives only the positive value 
of the components, but the proper sign can be 
determined by noting that in changing from 
impedance to admittance, or vice versa, the 
sign of the imaginary component in the result is 
the opposite of that in the given quantity. The 
range of values of R and X shown explicitly on 
the scale of the chart is 0.10 to 100 and the 


range of f7and ^is 0.0000125 to 4.0. However, 
F and X scales can be multiplied by any power 
of ten if the G and B scales are divided by the 
same power of ten. 

The second set of curves for use in combining 
impedances is given on page 101. These are- 
graphs of the admittance of condensers of 
various sizes as a fun<-tion of frequency. 

Table 6 (page 42) shows the arrangement of 
the work for the illustrative example. The 
graph on page 39 is a plot of the series com¬ 
ponents of the input impedance. 

The transmitting response of the crystal 
system may be calculated from the components 
of the input impedance. One e-onvenient 
definition for transmitting response is the 
acoustic power output at a specified point of 
the system per unit current input. This 
quantity can be determined by first obtaining 
the current through the motional resistance 
Rtm for unit current into the system and then 
applying the power formula P-i^Rj-u. For a 
particular system such as Fig. 7, where the 
Ri-\-jXt arc in parallel with the other electrical 
elements of the network (i. e., the voltage E 
applied to the system is also the voltage across 
the impedances R,-\-jXi), the expression for 
power output per unit current input takes the 
following form: 


But 
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The quantities GTu-^jETu, Gp, and Br 
have already been obt.ained in the evaluation 
of the input impedance so that the transmit¬ 
ting response, P, follows immediately. For 
our example the arrangement of the work is 
illustrated by Table 7, page 43, and the trans¬ 
mitting response appears on page 40. Note 
that the transmitting response has been plotted 
in decibels above 1 watt. A db. chart appears on 
page 62 of this section. 

If the transmitting response is to be expressed 
as pressure amplitude on the axis at a specified 
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distMiicr, this ran be obtainrtl from the beam 
pattern and the transmitting response expressed 
in total po\v«>r output. \Vc use the beam pat¬ 
tern to obtain the ratio {D) of total power 
radiated {J'Ids) to that which would be radiated 
if the intensity were everywhere equal to the 
intensity along the axis of the main beam 
{flAds = ATtr^lA). i e., 



fids 

4^rVV 



D might be calh'd the directivity ratio. 

We can calculate from expression (1) since 
the transmitting response j'xpressed in total 
power output gives the value of tin* quantity 
fids, and the beam pattern provides the di¬ 
rectivity ratio, I). 

f 

The root-m(>ar»-s(juar<‘ pressure on the axis of 
the main beam is then given by the formula 
P=-yjl^pV, See page 49 for a graph of tlie 
transmitting response plotted ns pressure am¬ 
plitude. 

The transmitting response as obtained in this 
section will be lowered somewhat because of 
losses in the glue joint and the method of 
mounting. For example, if the efficiency is 
50%, 3 db. should be subtracted from the 
transmitting response characteristic. See page 
127, Section 7 for a more complete discussion. 

Since we hav(‘ des(Tib(‘d the various curves 
and illustrated their use with a simple example, 
it is now possible to point out some of the 
principal features to l)e expected in the charac¬ 
teristic curves of n few systems. All of Uie 
illustrative curves given have been plotted using 
the graphs of this an<l the preceding sections. 

The graph on page 44 illustrates the change 
in input electrical impedance caused by a 
change in the of the coupling cable 
for parallel components as used here). In this 
illustration, tlio resistance c\irvc has been 
shifted upwanl by an amount whicli increases 
toward the low frequency end of the spectrum 
and approaches infinity at zero frequency. 
As the vahie of Q decreases, the frequencies at 
which the minima occur in the resistance curve 
shift toward the higher values. To increase 


transmitting response at low frequency it is 
necessory, therefore, either to raise the Q of the 
cable or to use a crystal of higher electro¬ 
mechanical coupling. 

The graph on page 45 illustrates the change 
in the series input impedance components 
when a series inductance of finite Q is added to 
th(‘ system. In this case the value of the 
inductance was chosen to t\ine out the capacity 
at the resonant frequency. The () was arbi¬ 
trarily chosen as 50. The magnitude of the 
resistive component is shifted to larger yalues 
when the inductance is added to the system. 
This shift increases linearly with frequency if 
() is hehl constant. 

In the example just discussed, the value of 
<) was held fixed ns the frequency changed; 
however, no essential complications are intro¬ 
duced by letting Q vary. 

It should be noted that for a lai^e number of 
systems the resonant frequencies (os determined 
by the zeros of the function ATo/Zo) occur in a 
flat region of the /fo/^o curve. See, for example, 
the graph on page 38 of this section. Here the 
first resonant frequency occurs at 40 kc where 
the /?o/^o characteristic is very flat. The 
second resonant frequency is at 90 kc where the 
/fo/Zo characteristic is fairly flat. The repon 
of high reactance occurs in the some part of the 
frequency spectrum as the region of peak 
resistance, such conditions hold, the 

resistive (‘omponent of the total impedance has 
the characteristic form of the curve on page 39, 
i. e., smooth single peaks in the resonant re¬ 
gions. Tlie transmitting response characteristic 
lias single peaks at the resonant frequencies; 
see the graph on page 40 for example. 

Such conditions do not always exist. It is 
possible to design systems so that a peak of the 
lioIZo curve is near a zero of Uio XJZq curve. 
The XqIZq characteristic of these systems some¬ 
times shows secondary peaks and troughs. To 
illustrate, consider the following system: 170 
ADP crystals in parallel are mounted on lead 
alloy units of such ci^ss section as to obtain 
the longitudinal velocity in the lead. The 
crystals arc I}*'' long, W wide, and V* thick. 
The lead backing units are 1" thick. 

The characteristic curves for this system 
appear on pages 46 to 49. 
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Consider first the XJZq curve given on page 
47; a secondary peak occurs at 76 kc and a 
secondary trough-occurs at 20 kc. It is imme¬ 
diately clear that the peak at 76 kc ^\^ll cause 
a secondary resonance to appear around 80 kc 
if the resistive component does not completely 
override the reactance throughout this region. 
The transmitting response characteristic, page 
49, shows a secondary resonance at 78 kc com¬ 
parable to the primary resonance at 66 kc. In 
the region 15 to 22 kc it is impossible to dis¬ 
tinguish between primary and secondary reso¬ 
nances. The curves on pages 46 and 47 show 
that the minima at 19 kc and 78 kc in the 
XJZ(, curve occur near a maximum in the 
RoiZo curve and the zeros at 29, 47, and 66 kc 
occur in regions of comparative flatness of the 
7?o/Zo curve. 

When the motional impedance components 
are combined with the purely electrical im¬ 
pedances the curves given on page 48 result. 
Secondary maxima appear at 20 kc and 76 kc 
in the resistive component. These maxima are 
a result of the particular type of motional 
characteristics discussed above. 

The curves just discussed were very successful 
in explaining the characteristics of an experi¬ 
mental projector constructed at this laboratory. 
The relations between the resonances both 
primary and secondary, and the relative 
heights of the peaks on the transmitting 
response characteristic checked closely. 

To illustrate the change in ihe impedance 
and transmitting response due to a change in 
the electromechanical coupling coefficient, the 
characteristic curves for a projector using X-cut 
Rochelle salt crystals at 5^ C are given on 
pages 50, 51, 52, and 55. These can be com¬ 
pared with the curves on pages 38, 39, and 40 


of this section. The electromechanical coupling 
coefficient for the X-cut Rochelle salt is greater 
than the coupling coefficient for ADP. 

A set of curves on pages 50 to 57 show how 
the characteristics of an X-cut Rochelle salt 
projector vary with temperature. Curves of 
motional impedance, total impedance, and 
transmitting response are given for three differ¬ 
ent temperatures: 5°, 20°, and 24° C. The 
Curie point is appro.ximately 24° C, conse¬ 
quently the characteristics vary greatly with 
temperature in this region. Under ordinary 
measuring conditions the temperatures of var¬ 
ious regions of the projector are seldom equal 
and the beam pattern may change because of 
temperature differentials in the crystal as¬ 
sembly. 

Notice that the resonant frequencies as ob¬ 
tained from the zeros of the motional reactance 
curves, XqIZq, do not correspond to the peaks 
on the total impedance. This lack of corre¬ 
spondence is due to the high electromechanical 
coupling of X-cut Rochelle salt. 

In design it is often assumed that the ele- 
ments making up a projector are exactly simi¬ 
lar and that the mounting is precisely sym¬ 
metrical. As a result, sharp maxima and 
minima sometimes appear in the calculated 
characteristics. In most projectors, however, 
slight variations in the mounting will cause 
the sharp peaks to be rounded off and the 
sharp troughs to be partially filled. 

The many possibilities in design which arc 
suggested by a study of the curves of this sec¬ 
tion would supply topics for an interesting 
series of supplements to this report. 
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TABLE 5 


1000 ADP crystals, 2.5 cm long, backed by 0.25 cm lead 

(Long bar velocities) 


Af kc 

Gi.t/i 

yt 

RoIZo 

XoIZo 

10_ 

0. 34 

30 

0. 14 

-1.8 

15_ 

. 52 

45 

. 14 

— 1. 1 

20_ 

. 69 

60 

. 15 

-0. 70 

25_ 

.83 

75 

. 14 

- .50 

30_ 

1. 05 

90 

. 13 

, -.30 

35_ 

1.25 

105 

. 13 

-. 15 

40_ 

1. 55 

120 

. 13 

-.04 

45_ 

1.80 

135 

. 12 

. 10 

50_ 

2. 10 

150 

. 11 

.30 

55.. 

2. 40 

165 

. 10 

. 50 

60_ 

2. 75 

180 

. 075 

. 70 

65.. 

3.2 

195 

.04 

1. 4 

70. 

3. 6 

210 

.01 

2.4 

75. _.'. 

4.2 

225 

1. 5 

5. 0 

80.. 

5. 1 

240 

1. 2 

-2.2 

85. 

6. 1 

255 

0. 55 

—0. 70 

90. . . 

7. 5 

270 

.42 

-. 20 

95- 

10.0 

285 

. 36 

.20 

100_ 

14. 0 

300 

.32 

. 50 

105_ 

24.0 

315 

.31 

1. 0 

no_ 

65. 0 

330 

.305 

1. 8 

115_ 

-65. 0 

345 

.30 

3. 7 


2oV= 1.1(10)’ ohms 
Co=6.13(10)’*’ farads 

Cable admittance....... = (0.025+il.27) ( 10 )-‘A^mhos 

Admittance of longitudinally clamped capacity of crystals- = j0,385 (10) Wmhos 

Total admittance (cable capacity and clamped capacity of crystals) 

.... = (0.025+il.67) (10)‘Wmhos 
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TABLE 8 


Crystal 

Piezoelectric 
interact ion 
constant d/s 

Piezoelectric 
interaction 
constant d/s 

1 

1 

1 

ADP (NH^HjPOJ 45° Z- 

esu. of charge 
sq. cm. 

1.48(10)*. 

roulofnbs 
sq. meter 

0.493 

cut bar. 



Rochelle salt 45° Y-cut 

0.92(10)*_ 

0.307 

bar. 



Rochelle salt 45° X-cut 

See graph 

See graph 

bar. 

page 60. 

page 60. 

Quartz X-cut bar. 

0.528(10)*_ 

0.176 

Tourmaline Z-cut plate... 

1(10)*_ 

0.333 


TABLE 9 


Crystal 

Dielectric 
Constant, K 

K {air) = l 

ADP (NH^HjPO^) 

45° Z-cut. 

14. 0 

Rochelle salt 

45° Y-cut. 

10. 0 

Rochelle salt 

45° X-cut. 

See graph, 
page 61. 

Quartz X-cut 

4. 5 

Tourmaline 

Z-cut. 

5-6 
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SECTION 6 

SENSITIVITY AND ACOUSTIC INPUT IMPEDANCE 


Sensitivity is of fundamental importance in 
the design of many crystal systems such as 
hydrophones and accelerometers. The curves 
of this section are concerned with its determina¬ 
tion for systems composed of any crystal, any 
backing material combination, and any one of 
a wide range of electrical impedances. The 
acoustic input impedance into the projector 
may also be obtained from the curves of this 
section. This quantity is useful in evaluating 
the pressure distribution over the face of a 
projector in terms of the free field pressure of 
the incident wave. 

As in the previous section, it is convenient 
first to describe the curves roughly and then to 
illustrate their use by an example. 

The curves are divided into three sets. The 
first set (consisting of fifteen families, pages 111 
to 124) shows the quantity —Z.u/^o plotted as 
a function of (obtained from Section 1). 
is the mechanical impedance into the projector, 
per crystal. It is the product of the acoustic 
input impedance into the projector multiplied 
by the area of a single crystal. (See Table 2, 
page 11 for the values of the characteristic im¬ 
pedances.) The parameter from curve to curve 
is the quantity GieUi which characterizes the 
backing material and is defined in Section 3, 
page 19. The parameter from family to family 

2 

is the quantity where 

d-iAfij = electrical load per crystal 



ftf=width of crystal in meters. 
d 

-=ratio of the piezoelectric con¬ 
stant to the elastic modulus 
(See Part II, Section 1) 
kg/sec 

Ordinarily the load is purely capacitive, and 
for such loads. 



where C’=capacitive load (the sum of the 
longitudinally clamped capacity of the crystal, 
the cable capacity, and the capacity of the 


cable termination. With only one exception 
(which is explained later) all the curves of 
this set have been plotted for a purely capacitive 
load, using the above expression for 6. 

The first sheet of this set, covering the range 
0^0.1, differs from the others in several 
respects: 

1. Zjw/Zo is plotted rather than —Za//Zo: 

2. Over part of the range of Z^/Za the 
linear scale is replaced by a logarithmic 
scale. 

3. The value of Z^IZq obtained from this 
curve (0^0.1) is not exact and the 
following correction may be added to 
it for greater accuracy: 



This correction term is negligible except 
for values of the parameters wliich make 
the denominator of the expression small. 
If only the approximate form of the 
sensitivity curve is desired, the correc¬ 
tion may be ignored over the whole 
range. 

When the resistive component of the imped¬ 
ance is not negligible as compared to the 
reactive component, d should be calculated 
from 

and the first family of Set 14 used, providing 
!e|S0.1. If |9|>fl,l, should be calculated 
directly from the formulas given in Part II. 

The next set (page 125) consists of a single 
curve in which the ratio iPj/P+l is plotted as a 
function of ZJpuV„ where 

P 2 =pressure at the face of the crystal, 

P+=free field sound pressure in the medium 
driving the projector, 

Za=acoustic input impedance into the crystal 
system at the crystal face, and 
p«Kw=characteristic impedance of the medium 
driving the projector. 


This curve gives a close approximation when 
the receiving face is several wave lengths 
across, and the incident wave is normal to the 
face. Wlien these conditions are not satisfied, 
the diffraction pattern can be calculated from 
the geometrical configuration and the input 
acoustic impedance. From the diffraction 
pattern, the pressure at the crystal face follows 
immediately. For systems such as accelero¬ 
meters, the pressure or velocity at the crystal 
face is know’n when the accelerometer is so 
small that it docs not appreciably disturb the 
system under measurement. When pressure is 
know’n, the third set of curves can be used 
directly; when velocity is known, the method 
given in Part II, Section 5 can be used. 

The third set of curves, page 126, shows the 


quantity j 


as a function of y, (obtained from 


Section 1) where OieUi (defined in Section 3) is 
the parameter from curve to cur\’e. Eo is the 
voltage which W'ould be produced if the longi¬ 
tudinally clamped capacity of the crystal were 
zero and if no external electrical load W'erc 
present. This voltage is not realizable physi¬ 
cally but is convenient for calculations. Pj is 


the pressure at the crystal face. 



where 


It is the distance between the electroded faces 
of the crystal, and d/s is the quantity defined 
on page 103. When d/s is in MKS units, 
and I, is in meters, E 0 /P 2 will be in volts per 
newton/meter*. To change to volts per dyne/ 
cm* divide by 10 . 

Detailed use of the curves will bo illustrated 
by the following example: 1000 X-cut Rochelle 
salt crystals in parallel are mounted on a flat 
steel plate 1 cm thick and 36 cm in diameter. 
The crystals are 2 cm long, 1.27 cm wde, and 
0.64 cm thick. The temperature is assumed to 
be 6 ® C. The sensitivity Nvill be determined in 
volts per dyne/cm® for the open circuit condi¬ 
tion, the only electrical load being the longi¬ 
tudinally clamped capacity of the crystals. 
The ci^es appear on pages 106 to 110 . Ordi¬ 
narily it is not necessary to- plot the quantities 
shown here. They are plotted for this example 
to illustrate the general variation to be expected. 


This system is one of those which was ana¬ 
lyzed to some extent in Section 5 on Electrical 
Input Impedance. The input impedance and 
tlie transmitting response appear on pages 52 
and 55 of that section. 

First to be determined is the acoustic input 
impedance, Z^. For this 7 ^ is determined from 
Section 1 ; GuUt is determined from Section 3 ; 
and the quantities e, tp, Zo and Co are deter¬ 
mined from the follo^ving relations 

Z,=p,V.A.-. Co=-^^(l.l)(10)-'> 


Graphs of d/s and K for X-cut Rochelle salt 
as a function of temperature are given on pages 
60 and 61. For this particular example 
4.14(10)“® coulombs/meter; Co==0.473(10)~‘* 
farads; Zo=4.85 (10)® kg/sec. Using the values 
of 7 e, $, and G^eUx with tlie first set of curves 
we obtain the ratio Zu/Zo, where Zu—Z^ 
(the product of the acoustic input impedance 
and the area of the crystal). Z« then follows 
directly: 



See page 106 for the curve of Z« vs. N. Z« is 
equal to zero at resonance. 

We now obtain tlie ratio l(Pj/P+)l of the 
prcssiu-e amplitude at the projector face to 
the free field pressure amplitude as a function 
of the frequency N. Since the projector in the 
present example is several wave lengths in di¬ 
ameter, and all elements are similar, we can 
use the graph on page 125 in this evaluation. 
This graph shows the variation of |Pi/P+| 
plotted AS a function of Z«/(pwF«) where p«Va 
is tlie characteristic impedance of the medium 


driving the projector. 


P. 

p; 


sQ at the resonant 


frequency, but over most of the frequency 
range, | Pt/P+ \ is very closely equal to 2. See 
the graph on page 107. 

If the projector is less than several wave¬ 
lengths in diameter, the diffraction pattern con 
bo calculated from the input acoustic impedance 
and the geometrical configuration. The preo* 


104 



sure amplitude distribution over the projector 
face then follows immediately from the dif¬ 
fraction pattern. 

It is clear that if the projector can be sub¬ 
divided into several regions, each region being 
composed of similar elements, and the diameter 
of each region being several wave lengths, then 
the curve of \P 2 lP+\ vs. Zjp^V^, page 125, can 
be applied to each of these regions separately. 

The third set of curves is used next to obtain 
1 E 

In this expression, Pj is the pressure 
amplitude at the crystal face, Eq is the voltage 


already defined and 6 = 


I, 


(dls) 


For this ex¬ 


ample, 5 = 0.195(10) * meter^/coulomb. The 
quantity EjPi, obtained by multiplying 

is plotted as a function of frequency 


on page 108. 

The final quantity needed in the evaluation 
of the sensitivity is the motional reactance Xg 
determined when the force on the crystal face 


is zero. 



where XjZo is obtained 


from the X^/Zq curve for (72c=0 in Section 5. 
For this example Zo/v»*=0.283(10)“ ohms. 

The sensitivity is given by: 


E^^PjEo X^ 

P+”P+P2XH-^l 

where JVt= —l/(wC0. C is the capacity of 
the electrical load as defined on page 103. 
The units of EJP^ are volts per newton/ 
meter*. To change these units to volts per 
dyne/cm*, divide by 10. 

A graph of the sensitivity for this example 
is given on page 110. A decibel scale in which 
zero db is taken as 1 volt per dyne/cm* is used. 
Note that the receiving sensitivity has its 
maximum at 56 kc, and the peak in the 


transmitting response (Section 5, page 55) 
occurs at 56 kc. 

The quantity just discussed is usually called 
the “open circuit” sensitivity. By “open 
circuit”, we moan that the only electrical 
element in the circuit is the longitudinally 
clamped capacity of the crystals. 

The open circuit sensitivity of ADP and 
Y-cut Rochelle salt projectors is comparable 
to that of the X-cut Rochelle salt just dis¬ 
cussed. X-cut Rochelle salt, however, has the 
advantage of a lower input electrical impedance, 
so that the sensitivity as measured at the 
terminals of a cable would be higher than the 
sensitivity of similar projectors of ADP or 
Y-cut Rochelle salt with the same cable. 

The numerical values of £’z./P+, calculated 
from the expression given above as the product 
of three quantities, become inaccurate near the 
resonant frequencies since P 2 /P+ is zero and 
XlI{Xc-\-Xl) is infinite at this point. If there 
is doubt concerning the accuracy of the sensi¬ 
tivity near resonance as obtained from the 
curves and the expression given above, it may 
be calculated from 


E^ 

2^ 

tan|‘ + G..Z7. 


p2 V^ij>C 

<’+(tan,, 


the components of which have no zeros or 
infinities in the neighborhood of resonance.* 
C is the capacity (external load plus longi¬ 
tudinally clamped capacity of the crystal). 

The sensitivity as obtained in this section 
will be lowered by losses in the glue joint, 
method of mounting, and other effects. For 
example, if the projector has an efficiency of 
60%, the sensitivity will be lowered about 
4.5 db. A more complete discussion is given in 
Section 7, page 127. 


*The complete expression for sensitivity 
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SECTION 7 

EFFICIENCY AND STRESS 


In Section 5 on transmitting response, it is 
assumed that power is dissipated only by radia¬ 
tion into the driven medium and by electrical 
loss in the vibrating system and coupling cir¬ 
cuits. In order to obtain the efficiency, the 
power input per imit current input must be 
calculated. The efficiency is obviously the 
ratio of power output per unit current input 
(transmitting response) to power input per 
unit current input. 

Mechanical motion, however, gives rise to 
losses in the vibrating system in addition to 
radiation losses. Some dissipation occurs in 
the crystal and backing material, and a loss is 
introduced by the holder, but the most serious 
loss usually occurs in the joints between the 
crystal and backing material. Although very 
little quantitative information is available on 
this subject (and therefore no losses have been 
incorporated in the calculation of the curves) we 
do know that the dissipation m the crystal and 
backing material is usually rather small, and 
that the loss caused by the holder can be 
minimized by clamping the vibrating system 
at a displacement node. Thus, if proper pre¬ 
cautions have been taken in the mounting, 
the glue joint becomes our chief concern. A 
method will be suggested later in this section 
for estimating the loss in glue joints whenever 
data on the characteristics of glue joints are 
available. 

Such losses probably would not have been 
included in the general curves even if data were 
available because of the tremendous increase 
in the amoimt of calculation and in the number 
of curves required. Furthermore, the power 
losses cause a negligible shift in the resonant 
frequencies and in the positions of the maxima 
and minima of the response characteristics. 
The effect on the magnitude of the transmitting 
response and the receiving sensitivity can be 


approximated by subtracting a suitable num¬ 
ber of db. from the response characteristics. 
This assumes that the designer can make an 
estimate of the efficiency to be expected from a 
projector, or has available some data on loss 
characteristics of glue joints. For example, if 
a projector has an efficiency of 60 percent, 2.2 
db. should be subtracted from the transmitting 
response (expressed in terms of total power) 
and 4.5 db. from the sensitivity. (A db. chart 
appears on page 62.) 

\Vhen the loss in the glue joints under 
various conditions of stress and frequency is 
knowTi, the efficiency can be estimated fairly 
well as follows: 

From the transmitting response (expressed 
in total power output) and the radiating area 
of the projector, a value for the intensity at 
the crystal radiating face is obtained: 

^_ Total power radiated ^ 
Radiating area ^ ' 

where / is the intensity in ergs/sec per cm* 
when the total power is expressed in watts and 
the area in cm*. The pressure amplitude at the 
crystal face is obtained from 

Pi is the pressure amplitude (r. m. s.) in dynes/ 
cm* when PuVv, is the characteristic impedance 
of the driven medium in cgs units, and I is 
the intensity calculated above. 

Multiplying the pressure amplitude by the 
area of a sin^e crystal. At, yields the force per 
crystal at the crystal face, F^. From OxeUx 
(defined in Section 3, page 19), and 7 e (defined 
in Section 1), F^IFx is evaluated by using the 
family of curves on page 128 of this section. 
This family of curves holds only for ADP 
crystals radiating into water. F,, the force at 
the glue joint is obtained by dividing F^ by 
the value of F 2 /F 1 . Then, from the data on 
losses in glue joints as a function of stress and 
frequency, an estimate of the efficiency can be 
made: 


Efficiency— _ (total power radiated) _ _ 

^ /Total power radiated plus power loss in glue joints\ 
\ plus power loss in coupling circuits / 


.-(100) percent 


> A A A ' 

An estimate of the lowering of the transmitting response and receiving sensitivity, based 
on this efficiency, can then be made as previously described (Sections 5 and 6). 
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SECTION 8 

ACOUSTIC INPUT IMPEDANCE OF PARTICULAR 

BACKING MATERIAL SYSTEMS 


This section presents curves of the acoustic 
input impedance of a few particular backing 
material combinations. These curves will facili¬ 
tate the design of backing systems. The 
curves (pages 130 to 149) show the impedance 
per unit area for single and multiple systems of 
aluminum, brass, lead, a^id steel. Longitudinal 
and plate velocities are included. 

The acoustic impedance 0-^,) is plotted in 
cgs units along the vertical axis on a combina¬ 
tion linear and inverse scale. Frequency from 
0 to 100 kc is plotted along the horizontal on a 
linear scale. The parameter associated with 
each curve is the length of the backing material. 
To evaluate the quantity Q,eV, from the acous¬ 
tic impedance as obtained from this section, 
see Section 3, page 19. 

The first set of curves (eight families, pages 
130 to 137) cover single materials for lengths 
between 0.25 cm to 15 cm. 

The second set (three families, pages 138 to 
140) covers the lead-aluminum combinations. 
Labels on the curves g^ve the dimensions of the 
compqnents in cm. The material given last in 
the label is the one into which the curve gives 
the impedance. For example, if the label reads 


“2.0AL -j- 0.25LE”, the curv(‘ gives llie acous¬ 
tic input impeflancc (per unit area) into the 
lead end of the system illustrated by Figure 8. 
For longitudinal velocities the characteristic 
impedances of lead and aluminum are practi¬ 
cally equal, so that separate curves for alumi¬ 
num plus lead and lead plus aluminum systems 
are not necessary. For plate velocities, how¬ 
ever, the characteristic impedances are different 
for these materials and separate curves are 
given. 





2.0 


H 



Figure 8. 


The third set (eight families, pages 141 to 
148) covers the aluminum plus steel, steel plus 
aluminum, and steel plus lead, lead plus steel 
combinations. 

The last family (page 149) shows the imped¬ 
ance of the particular triple system, lead plus 
aluminum plus lead. 
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SECTION 1 

FUNDAMENTAL EQUATIONS 


The one-dimensional theory presented here 
is based on the fundamental piezoelectric equa¬ 
tions. From these equations and the boundary 
conditions, expressions are derived wliich relate 
stress, particle velocity, current, and voltage 
for a vibrating crystal. Solutions are expressed 
in terms of the mechanical boundary condi¬ 
tions (particle velocity and force at one end of 
the crystal) and the electrical conditions (cur¬ 
rent and voltage). 

The equations hold exactly for a crystal 
whose length is large compared to its width. 
In practice a ratio of 3 to 1 is satisfactory. 
For crystals with a smaller ratio, or for crystals 
with clamped sides, the equations give a good 
approximation if the elastic constant is considered 
to hedependent on the ratio of width to wavelength. 
A discussion of this approximation will be found 
in Part I, Section 1. The piezoelectric and 
dielectric constants may also vary somewhat 
with the dimensions but such variations are 
neglected in tho present discussion. 

The last tlnce equations of tliis section serve 
as a basis for the theoretical development of the 
succeeding sections. Symbols represent total 
amplitude in all equations of tliis section. The 
ast tlireo equations, however, are equally valid 
when the symbols represent root-mean-square 
values, wluch are used tliroughout the remain¬ 
ing sections. Terms and symbols used in the 
development are defined in Appendix A. In 
ns section a bar over the symbol designate.s 
a ime dependent quantity; the same symbol 
without a bar designates a time independent 

quantity. 

The fundamental equations governing tho 
motion of a crystal* are: 



(c) -y^sY^dEf OT-y^sY+dEr 

^(d) P =dY+‘KE, or P==dYdrKEr 

f of Rochelle Salt, Phys. Rev. 57 

v*»40). bee also Apiiendix C. 


where the simihols are defined as follows: 

^ = particle displacement 
^/= field intensity 
P = polarization 
?<i = current density 
Y =stress 
y = strain 
Ar=susceptibility 
d = piezoelectric constant 
s = elastic constant 
p« = density of crystal 

These expressions are now used to obtain 
relations between the particle velocity the 
force F, the current i, and the voltage E. 

Time variation, for sinusoidal vibration, 
can be separated from the wave equation by 
letting j = The differential equation then 

takes the form: 



Obviously { satisfies the same equation: 



the solution of which is: 

f = A cos x-\-B sin a;. (3) 

Atx=0, $=^i. Therefore, .A=5 i. 

To evaluate the other constant, B, we 
express the strain in terms of the displacement: 

3/=d^* 

Since 
we have: 

1 ^ 

On differentiating (3) we obtain: 

11= -(y) (f.) (f.) (v) ==■ 

( 4 ) 

If we now substitute Y=Ffl^u and Ef=E/lt 
into Eq. (1-c), it becomes:. 
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Using —y ——substituting from (4), the following expression results: 

A.tz = 0, F=Fi. Therefore, 

Substituting this expression for B into (3) we have: 

J = cos (^yj x-j\ . L -J sm 


( 5 ) 


Introducing 


gives: 


Vt=-fl I prS 


. /„N + M 

J = {, cos 


(6) 


Upon s\ibstituting the value of B into Eq. (5) and using Vc= we obtain: 

[ 






(7) 


E<niations (0) and (7) express the force, F, and particle velocity, (, in terms of the fundamen¬ 
tal constants of the system, the boundary conditions, and the voltage. An expression involving 
the current is still needed. We proceed in the following manner. 


The total current i is given in terms of the c\irrent density ia as 

- ri-.. ri.. 

i= I jV/x, or 1 =/„. I ijdx. 

Jo Jo Jo 

From (1 -b), 

hi' 

Letting __ 

p=Peht^ 

and 7rf = irf€^“’‘ 
gel: p'j- 

After replacing Y by and Ef by E/l, in (1-d) we have 

(I P' 

Substituting this expression for P in the expression for ig yields: 

. r 1 A’ (i „ r-An 

l+U^ 

Equation (8) now becomes: 


wo 


I. 




\ 
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Solving (7) for F, substituting the resulUng expression in (9), and integrating, we obtain: 




+ 


(10) 


™n™^orT(.=£rCL7"‘"'™ *''' Eq-tion (6), 


h=h cos 


Rewriting, we obtain; 


( K ^')-i fX(^,7Sr (f 3 


Substituting this in (10), eliminating p, by means of = and rearranging, we get: 




If we let 


47r/,\ 


we can write the simplified form: 


l + 47rA' 


-40 




8 


( 11 ) 


usedI\“bIu7o*/.t ■‘"‘J These are 

venienee i„7i:“-en>amder of the theory g,ven in Part II. We reprint them here for 


veiuence in reference: 

(a) 


con- 


^~ii cos 


(F>-i a 


+<pE] . 


sin 


(v.> 


where 


(b) 

(c) 


[F-\-^E] = [F^Jf^E] cos (~yc-ji,Zo sin (~yc 

£’jwCo=i+^(6-fi) 

’'-V 5 

w=2x/ 


( 12 ) 




¥> — 


(U, 


8 




Co is called the longitudinally clamped capacity throughout Part 
crystal when —0. 

Equations (12) are sufficient for a complete determination 
should be noted that the three equations are unchanged when 
substituted for amplitudes. Root-mean-square values are to be 
in the remaining sections. 


I. It is the capacity of the 

of the crystal system. It 
root-mean-square values are 
understood in all equations 


SECTION 2 

ELECTRICAL INPUT IMPEDANCE 

A general expression for the electrical input impedance of a crystal, terminated at each end in 
any acoustic impedance, is derived here from equations (12) in the preceding section. The ex¬ 
pression IS then simplified for the case of a crystal terminated in a purely resistive load (represent¬ 
ing radiation) on one end, and a purely reactive load (representing the effect of the backing material) 
on the other end. 



X=0 



Figure 9. 



In the following discussion, Z’s with single numerical subscripts (Z„ Z,, - -) represent mechan¬ 
ical impedance; i. e., the ratio of force to velocity. Z’s with the subscript a and a numerical sub¬ 
script (Zai, Zflj,-) represent acoustic impedance; i. e., the ratio of pressure to velocity Defi- 

mtions and conventions will be found in Appendix A. 

Atx=Zf, equations (12) become; 


(a) 

(b) = + cos Lc—jixZo sin^^^£^ 

(c) fi) 


(13) 




Uwe terminate the crystal in mechanical impedances Z, and Z^ as shown in Fig 9, then 

and F 2 =Zz( 2 . (Note the sign convention, page 170, in Appendix A.) 

Substituting these relations in (13) and collecting terms: 


Letting 


(a) 

i.[cos 

II 

(b) 

[z. cos “^'+;Z„ sin 

j +^262= 

(c) 




sm 


U)Le 

V, 


—cos 


(t)Lc 

T 


:) 


au=cos—^ sin -~ 

^0 re 




flia-1 

a^i=Z, cos ~‘+jZ^ sin 
6.=i sin f 

6,=(i-co8 5^') 


(14) 
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expressions (14) become: 


(tt) 

(b) +{ 20 ^=—bifE 

(c) ^i'U-h) + i=j<^CoE 
Solving (a) and (b) for f, and f,, 


(15) 


bitfiE fl,2 

E ^22 




= E<fi^x where 0,= 


5, a,2 

— 62 ^22 


|2 = 



G{2 


tXjl ^12 


<h7 


(hi 

tZ|| biifiE 


dll 6| 

djl ^b2ifiE 

~=Eifi0j where 87=— 


( 16 ) 


^21 


On 

<1-22 


On 

Oai 


<*12 

0*2 


and substituting into (c) yields: 

i=jo}CoE~^^E{02~ fit) 

- )Si)). 

Then tlic electrical input impedance 2, becomes: 

- _1_ 

i 0j) 

m'u) andlo°(br" ‘'■"“■f of *l>o equivalent electrical circuits shown in Fig 



I TO 


Z: 



(V) 


z. 


FiauBB 10. 

We must now find an explicit form for tlie quantity 


Z - 




1 




lution 


ion, we obtain^'*^”'*^ Ibeir values in terms of the 2*9 and after some algebraic manipu- 


^ _L_ ^ J(|l| )^o^>-+isinv.(|.|+i)] 


-2(1 -cos 7 ,)+j sin 7<(^+^) 


(18) 
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where 

If the load on one end of the crystal is purely reactive (backing material) and that on the other 
end is purely resistive (radiation), we can write; 

where ffut/i is then the impedance (per unit area) presented to the crystal by the backing inate- 

n^XdvMtd hy the characteristic impedance of the crystal, and is the characteristic impedance 

of the medium into which the crystal is radiating dhided by the characteristic impedance of 
the crystal. 


Now, letting 

and making use of (18), we find: 




— P2 


(q\ _ \(GieC/i sin ye) + (l —cos 7 ^) ]^ 

Zq ^^Gle sin^ye+KG'ieC^l sin ye)-|- 2 (l—cos 7 ,) 1 ^ 


(b) sin C0S7c) sin 7 ,—( <?i,f7i cos 7 r+sin y,)[{GicU^ sin 7 .)+ 2(1 —cos -vdl 

^0 ^sin=^ yc-\-[{GM sin 7c)+2(l-cos 7.)]^-- 


(19) 


In tenns of these two quantities we can write an expression for the motional electrical impedance 
Z, defined m Fig. lO-a: 


7 _ 


2, IS combined with the impedance of the purely electrical part of the system (Co, coupling 
circu^, etc.) to give the total electrical input impedance. 

in P fTf ^ evaluate RofZo and XojZo for any particular projector are given 

art 1, Section 5. A discussion of the electrical input impedance is also given in that section. 
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SECTION 3 

ACOUSTIC INPUT IMPEDANCE 

Acoustic input impedance is of importance in the calculation of the sensitivity of such equip¬ 
ment as projectors and accelerometers as well as in the determination of the interaction between 
the crystal system and the system under measurement. In tliis section we obtain an expression 
for the acoustic input impedance into one end of the crystal for any reactive termination on the 
other end, and for various electrical loading conditions. 

We begin with the fundamental equations (12) on page 153 and let x=L,. Writing y, for 
the equations are; 


(a) ?,={. cos y,-j sin 

(b) [F2-\->pE\ — \Fi-\-tf>E\ cosye—sin'ye 

(c) ja)f7o£'=i+¥)(52—5i). 


( 20 ) 


Now, let the electrical terminating impedance be designated by jZ,. This form is 

used for convenience in combining with the term of (20-c), also because the termination is 

usuaUy largely reactive in the cases of interest. Then, from the definition oljZ, 


Since i = —• 



*1 (20—c) becomes: 




ji); 

solving for E, 

( 21 ) 


If the termination is a pure condenser, ^ = —«Ci„ and 

y • • V ^ 


F -g(g2~{ l) . 

we CM voltMe E in terms of the electrical load and the particle velocities, 

nntfX derivation by substituting this expression into (20—a) and (20—b) We 

niaterfaO,’wehavri| = lz^ terminated in a mechanical impedance 2, (backing 

Equations (20-a) and (20-b) then become: 


(®) fi cos 7e—j 


r V. I 1 


sin y. 


(b) 




( 22 ) 


cos Te—/fjZp sin yt. 


•See Appendix A, page 170. 
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Solving (22—o) for we find: 


1 + 


ii —^2 


y> 8in yt 
(u)Oo — l/Z,) Zo 


, r '-7 i ”1 si 


Sin 7t 


(wCo—1/Z|)J Zo 

Equation (22 — 6) may be rearranged to give: 

r- , i r^»*(l—C0S7,) 1 1. rv’*Cl-cos 7^) ^ . “1 

^’+f‘L7(-C’.-i/z,) J-f‘L7(<-C,-i/z,) ^T''J 

Substituting expression (23) for j, into (24) and simplifying, we obtain the following form: 

Fi (wCo — 1 lZ,)zS^^ (1—cos 7^) + (2 i/Zo) sin 7e] + (-Zi/Zo) cos 7e+j sin 7, 


( 2 Z< 


T'‘+^.-l/Z,)Zo“'' sin 7 . 


Letting 


e= 


•P' 


(u»C'o-l/Z,)Z 

and remembering that Zi(Zo=jGuUi expression (25) becomes: 

_ ^2 ■g [ 2 (l —cos 7 <) + ffuPi sin 7 fl + ^ifL*i cos 7 t+sin 7 , 

^ 2 Zo cos yc—Oul\ sin 7 f+<J sin 7 , 

F 

Now, is the mechanical input impedance Zu. See Fig. 11 . 



x*o 

S, 


X=Lj. 


Fiuhre 11 


Writing (26) in terms of tan 7 *, wo obtain: 


(23) 


(24) 


(25) 


(26) 


,0(2 tan (7c/2) + f7„rM + [l + 6 'uJ;„/tan yA 

2 . ■' e+l(l/tan7,)-C,.f/,l 

Curves of Z„/Z„ arc given in Section 6 , Part 1. The first fnmUy of curves shows the variation 
of Z„/Zo for |9|§0.1. Tlic remaining curves of the set are plotted for real values of « between 

+ 0,1 and +40.0. This is the case of essentially capacitative loading; i.e.,-^^-u.C, so that 
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The acoustic input impedance Z« is given by: 


since = 

p<VcA^ PcV, 


Ac=lJ, is the area of the end of the crystal. 

The acoustic input impedance is used in calculating sensitivity (explained in Section 6 of 
Part I) or m determming the effect of the measuring device on the system under measurement. 



/ 
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SECTION 4 

RESONANT FREQUENCY 

Since it is often necessary to obtain quickly estimates of the resonant frequencies of a given 
crystal system, a method for their determination which does not involve plotting a reactance curve 
is very convenient. This section presents such a method for an undamped system. 

The effect of damping (from radiation or other causes) on resonant frequency is very small in 
many systems; consequently we can approximate the resonant frequencies very closely by cal¬ 
culations which ignore the damping. For systems in which damping causes a large shift in resonant 

frequencies, a reactance curve should be plotted and the resonant frequencies determined from 
its zeros. 

The electrical resonant frequencies are taken to be the frequencies at which the reactive 
component of the motional impedance goes to zero. Frequencies at which the reactive component 
has a minimum not zero are designated as secondary resonances. For example see Sections 2, 4 
and 5 of Part I. Secondary resonances are described in Section 5, Part I. 

When there is no damping, 


and 

Z2/Zo^jGuU,; 


that is, the loads are purely reactive. 

It should be noted that the general curves of Part I apply to systems with a reactive load on 
one end and a resistive load on the other end. When damping is ignored in such a system the 
resistive load on the radiating face of the crystal is taken equal to zero. It is desirable, however, 
0 have resonant frequency curves for systems which have a reactive load on each end. 

Formulas giving the resonant frequencies for undamped systems will be derived by considering 
the zeros of the function 


1 

— 02 



where and ft are defined on page 166 of Part II. 


The condition for resonance then reduces to 


j[GuUi-\-G,eU2] cos sin yc[’-GtcUi62cU2-h\]=0. 

when the substitutions and Z,}Zo=j02.U2 are made. 

Equation (29) can be rearranged into 


(29) 


If we let 


and 


tan 7. l-OuUiGicU. 


(30) 


equation (30) becomes: 


or 


tan ai~QigUi 


tan <i2=Q2cU2 


tan 7 ^= —tan (aj + aj), 


7e+ai4"«2=7iir n»l,2,3- , (31) 

1 gives the condition for first resonance, n = 2 the condition for second resonance, etc. 
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A 


For the particular case of a single backing material on each end 



(?uJ7i = tan“‘ 

F Pml ^ m\ 

tan 



ai = ian 

L p.v'. 

v.J 


a2 = tan“* 

GjfC,^2=tan~‘ 

r 

L p^\ 

tan 


(32) 


When the crystal has a reactive load on onlj' one end and there is no damping, equation (31) reduces 
to 

y,-{-ai = nir ( 33 ) 

Curves and a complete discussion of resonant frequency arc given in Section 2, Part I. 
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SECTION 5 
SENSITIVITY 


Formulas for the calculation of sensitivity are presented in this section with the method of 
derivation indicated, but no mathematical'details are given. The formulas express sensitivity in 
terms of either voltage output per unit pressure applied, or voltage output per unit velocity applied. 
It is obvious that sensitivity is important in the design of devices to be used for measuring pressure 
or velocity, such as projectors used as hydrophones and accelerometers. 

When the crystal device disturbs the system to be measured (i. e., when the system being meas¬ 
ured does not act like a pure force generator or a pure velocity generator to the measuring instru¬ 
ment), the pressure or velocity presented to the crystal system can bo obtained by determining the 
interaction between the systems. A necessary quantity in this evaluation is the acoustic input 
impedance into the crystal system. 

Steps in the calculation of sensitivity are as follows: 


1. A voltage £"0 is calculated from the known pressure or velocity at the crystal face. This 
voltage £0 is not a measurable quantity but is the voltage which would be measured at the 
electrodes of the crystals under no external load and no longitudinally clamped capacity. 

2 . The electrical input impedance Zt is calculated for the proper termination on the driven 
face of the crystal. When pressure is used as the working variable the proper termination 
is zero acoustic impedance, (? 2 <= 0 ; when velocity is used as the working variable the proper 
termination is infinite acoustic impedance, 0 ^= ® • 

3. The voltage across the given electrical load (the sensitivity) is calculated by placing a 
generator in series with the electrical input impedance and the given load. The E. M. F. 
of the generator is the £> obtained in Step 1 and the electrical input impedance is the Z, 
calculated in Step 2. 

If the interaction mentioned in the first paragraph is not negligible, the pressure or velocity at 

the crystal face is determined from a knowledge of the acoustic input impedance into the crystal 

system. See Section 3, Part II and Section 6, Part I. For plane projectors several wave lengths 

ui diameter, the pressure at the interface in terms of the free field sound pressure is given approxi¬ 
mately by 


^Zg/feVa 

£+ Vl "h (^a/pjV^)* 



where Zg is the acoustic input impedance, pzVi is the characteristic impedance of the medium driving 
he projector, Pj is the pressure at the face, and F+ is the free field sound pressure. This formula 
0 ows directly from the definition of the acoustic impedance. The force per crystal, Fi, is then the 
presswe, P,, tmes the cross-sectional area of the crystal, F 2 =p 2 llv 

The velocity at the crystal face in terms of the free field pressure is given approximately by 




ifHVJZa) 


(36) 


where the aymbols are the same as those defined for equation (34). 

I . voltage Eo can be obtained from the fundamental relations (12), Part II, Section 1, by 

"1=0, and Co—0. Wlien this is done the following relations for the voltage Eg result: 


Eo 


tan 
2 tan 


or T 


1 E 

ITi 


tan 
2 tan 


(36) 


or 


where 


Eo 


h-e) 


tan 

2 tan ^-^QieUi 
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and 




( 37 ) 


j,” of the force. F„ and (37) gives Eo in terms of the velocity L 
Expression (36) is plotted lu Section 6, Part I. y» 

The mput electrical impedance for the crystal terminated in zero impedance (G, =0) can h« 
o tamed by multiplying the X^/Z^ obtained from the curves on page 87, Section 5. Part I by ZoV*; 

i o y — i —1 

Tlie electneal impedance for infinite terminating impedance ((?.,= ») can be obtained from 


y • / 


Z,, /—cot 7 , 


) 


2c ) (38) 

natior'with'(37).'"'"“^*'’" '■''P-'ession (36) and the infinite termi- 

Tlio expression for tlie voltage across a given electrical load (see Fig. 12 for illustration) is- 

£i_ . 

(39) 





Zl 


tivit”il^lVms“oTforce'aT.d^ltd^y^ ''™ '‘'““"'■''S '■“■"•enient forms for senm- 


\2 tan Gnt’.y 


(40) 


A discussion of sensitivity cl.nracteristics is given in Section 6. of Part I, 


(41) 
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SECTION 6 



=^r^,r=„sr“ 

«;r.tTc;,'.i"“r “" "•“ “ ««> ^ ■. p.* u. 


Now 


(F+^E) = (F,i-^E) cos 


^2 = ifiE 0 i 


■J(,Zo sin ~X. 


(42) 


W ^ 9 9 m 

A and ^2 are defined on page 156. From (16) 

E^-^ = _^L. 

<p0i Z^ip0\ 

On substituting into expression (42) we obtain; 


z,k) (^‘ zfO (f) F*- 


(43) 


iet 


then (43) becomes, after rearranging; 
F 


^-Cm+» + (1-m-» cos(-y.|;)+i|"sin (ref) 


(44) 

from ^ 0° end and resistive load on the other, Zo/Z, =^jl(0 U 1 

1 n o Gi.Ui. When this is substituted into (44) the absolute value of F/F, is given"^bf 


f"(* ^'f + ^ T'pfJ 


i 


(45) 

the Mijibg ^ ** readily be obtained. After some algebraic manipulation 


(a) u= - ^4- yccosy, , cos r.d-cos rJ-((?.,)"sinV, 

GuU, (I-cos yc)^+«? 2 c)^sinV + (1-cos rO H ' (g,,)^ sin^-y, 

(b) p^_^cosjy^O^-co^)--sinr, , Git sin y, 

GM (1-cos yc)^-\-(Gi,y sin»r,''"(l-cos rc)* 4 -(G^ 2 *)" sinV. 


(46) 


^t the glue^ioint’ F driven end, Fj, to the force 

for the particular vdiiP nf^ plotted m Section 7, Part I for various values of <?,eZ7, and 

wid ADP crystals corresponding to the ratio of the characteristic impedances of water 
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APPENDIX A 

SYMBOLS, DEFINITIONS, CONVENTIONS 

A table of symbols and their definitions is given on tlie following pages. The various eon 
ventions used are also included in this Appendix. » k b \anous con- 

SYMBOLS AND DEFINITIONS 

crystal Secti^ely"'" the 


ROMAN SYMBOLS 

SYMBOL DEFINITION 

A Area 




d 

E 




Longitudinally clamped capacity 
of crystal 

Longitudinally clamped capacity 
of crystal combination 
Piezoelectric constant 
Voltage 
Field strength 
Force 

Force at left end of crystal 
Force at right end of crystal 



PiVj ^ 

pIK Ac 


iOuU,) 


Brc+jBrc 


QT-\-jBr 


Input impedance presented by 
the backing material to the 
costal (per unit area of crystal), 
divided by the characteristic 
impedance of the crystal 
Motional admittance per crystal 
Total motional admittance of crys¬ 
tal combination . 

Admittance of cable (coupling 
network) plus admittance of 
longitudinally clamped capacity 
of crystal combination 
Total admittance 


Bit ^ 

PcVc Ac 

. Current 

^ Current density 

I Dielectric susceptibUity 

^ Length 

£ Length of crystal 

L ^-he ith backing material 

^ Width of crystal 

Distance between electroded faces 
p (thickness of crystal) 

Polarization 


ROMAN SYMBOLS 


SYMBOL 

P 

Pi 

Pi 

P^ 

P-hjX 

Bo 


V 

Vt 

Vt 


DEFINITION 

Pressure 

Pressure at end 1 of crystal 
Pressure at end 2 of crystal 
Free field sound pressure 
Reciprocal of G-^jB 

ex. PTM~\-jBrif = yiGTAf-\-jBTii) 
Ro/v»^ is the resistive component of 
the motional impedance. 
Motional impedance per crystal 
Elastic constant (reciprocal of 
Young's Modulus for a long 
bar) 

Sound velocity 
Sound velocity in crystal 
Sound velocity in ith backing 
material 



Y 

y 

z. 






z. 

Zt 



Sound velocity in driven medium 
is the reactive component of 
the motional impedance (per 
crystal) 

Acoustic reactance 

Stress 

Strain 

^J’WpeYt 

Mechanical impedance, the ratio 
of force to velocity 
Mechanical impedance of the fth 
material 

Acoustic impedance, the mechan¬ 
ical impedance per unit area or 
ratio of pressure to velocity, 
Acoustic impedance of the ith 
material 

Electrical impedance 
Motional impedance per crystal 
(contribution of the mechanical 
motion of the crystal to the 
electrical impedance) 

Electrical terminating impedance 
Total electrical input impedance 
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SYMBOLS AND 

DEFINITIONS 

GREEK SYMBOLS 

GREEK SYMBOLS 

SYMBOL 

DEFINITION 

SYMBOL 

DEFINITION 

«i 

ai = tan“'6'ieC.^ 


h 

a. 

02=tan"‘f72<t.’2 

0 

Id's) 

'V 

uL 

6 


f 

V 


idl8)U 


wLf 

refers to crystal 

p 

Density; p, density of crystal; 
p„ density of driven medium 


refers to ith backing material. 


Particle displacement 

y . ^ 

‘ 7>*i IS sometimes usedinrefering 

4 

Particle velocity at end 1 of crystal 


to the backing material of 
single backing material sys¬ 
tems. 

iz 

Particle velocity at end 2 of crystal 


Tlie following conventions have been used throughout the report. 
(1) Time variation is indicated by the positive exponential; Le., 
of sliort lengths of material is then a positive reactance. 


The acoustic impedance 


(2) In evaluating the input mechanical impedance into a system, the positive direction of the 
velocity IS taken in the direction of the normal directed into the system. See Fig. 13. This 
convention determines the signs of the impedances terminating the crystal when the positive 
direction of the particle velocity is taken in the direction of the positive x-axis. The ratio of force 
to velocity at the left end is negative, and the ratio of force to velocity at the right end is positive. 

(3) The convention for electrical terminations is illustrated by Figure 14. 



SYSTEM 


Fiodrb 13. 
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APPENDIX B 

UNITS AND TABLES OF CONSTANTS 


In this section the various fundamental con¬ 
stants are tabulated for convenience. Two systems 
of units are used, namely the unratienalized MKS 
and cgs systems. This will cause no confusion 
since the units of each quantity and the system 
used are explicitly stated in all tables and in any 
place where a new quantity is introduced. 

The MKS system is almost always used in 
calculations leading up to the final result. The 
final result is in some cases expressed in cgs 
units since it is realized that the magnitudes of 
quantities expressed in MKS units may appear 
^familiar. A conversion table for transforming 
from the MKS to the cgs system or vice versa 
IS mcluded in this appendix. 


PHYSICAL 
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1.29(10)“’ 0.331(10) 



















PHYSICAL CONSTANTS OF VA 




o 

K 
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1 henry = esu of inductance (10)® emu of inductance (10)® Gaussian units of indue 

tancG 



4 


Volt^e 

ratio 


Power 

ratio 


Voltage 

ratio 


Power 

ratio 


0. 79 
0. 75 
0. 71 
0. 67 
0.63 
0. 60 
0. 56 
0. 53 
0. 50 
0. 47 
0. 45 
0. 42 
0. 40 
0. 38 
0. 35 
0. 33 
0. 32 
0. 30 
0. 28 
0. 27 
0. 25 
0. 24 
0. 22 
0.21 
0 . 20 
0. 19 
0. 18 
0. 17 
0. 16 
0. 15 
0. 14 
0. 13 
0. 13 
0. 12 
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APPENDIX C 


LONGITUDINAL AND THICKNESS MODES 


In this appendix etjuations applicable to the 
calculation of the properties of two types of 
crystal vibration are derived from the general 
equations of piezoelectricity. The first type of 
vibration considered, is designated by the term 
“longitudinal”; the second, by the term “thick¬ 
ness”. The equations for the former type are those 
used as a basis for the theoretical development 
given in Part II, Sections 1 to G. They arc stated 
explicitly on page 151. E(juations for the latter or 
thickness type are .similar in form. These have 
been used to investigate the characteristics of 
this vibrational state. The results of the analysis 
arc summarized in Appendix 1). ALso, the rein¬ 
terpretation of .symbols essential for applying the 
theoretical results of Part II. and the design 
curves of Part I, to crystals in thickne.ss vibration 
is pre.sented there. 

We proeee<l with the derivations of the funda¬ 
mental equations for the two types of vibration. 
It is desirable to have a shorthand nutation to 
simplify the pre.sentation which follows. Accord¬ 
ingly, the following terininolog,v is emploj'ed. 

T he components of stre.ss are designate<i by the 
letter T with subscripts; i.e., 7’, ■ . and 

•A. K. II. Ixivi*—.1 Trentisc OH the Mathcmaticxil Theory 
of BlasticUy. Dover, UM4. 




where X, • • • X, are the symbols used in many 
texts on elasticity.* The components of strain arc 
likewise designated by S with subscripts; i.e,, 
*S, • • • iSft , and 



dUj 

dx, 




dx. 




where m,, m, and w, are the components of dis¬ 
placement along the axes of a mutually orthogonal 
coordinate system. The components of electric 
field, E, and the polarisation, P, are designated by 
Ei and P„ (j = 1, 2, 3). 

If, then, we choose the stress and field as inde¬ 
pendent variables, the pieioelectric equations are: 


= sr,7’. + -H s'7’, -h + sf,r, -h sf,T, -|- d,,^, + d„£:, d- d„£:, 

+ sf,?’, + a»7’, -f- -f- sUT, + d- d,,^, 

*5, = «f,7\ d- d- ai'T, d- sAr, d- d- d- d,^Ex d- d- 


S, « 7\ d- bIT, d- d- 9lT, d- d- d- duE, d- d- 

5a * sraT, d- af.r, d- aa'aT, d- d- afaT, d- ia'aT. d- d„£, d“ d„E, d- dt^t 

5a “ «,'7\ d- «,*7’, d- a'aT, d- «4'.7’4 d- d- d- d* d- dtJS^ 

Pi = duT, d- d.,r, d- d.,r. d- dur4 d- d..r, d- di.r, + kr,E, d- + k!^, 

p^ = rfa.r, -f d- rf„7’, d- d,,T, d- d.sT', d- d„T. + kl^, -f k^^, d- k;^, 

P^ = da.T. d- d„7’, d- rf.aT’, d- d- d«r, d- + kr,E, d- itifi, d- 


( 1 ) 
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or compactly, 

S = 5 ^ 7 ’ 4 - d,E 
P = dT k^E. 

In these equations certain coefficients may be 
identically zero. This is determined by the crystal 
class and the orientation of the crystal with 
respect to the reference coordinate sy.stem. The 
orientation of the coordinates is chosen in a way 
convenient for discussing the vibrational state of 
the cut crystal. 

The general equations are now particularized 
in order to discuss the longitudinal type of vibra¬ 
tion. The following properties will be taken as 
characteristic of this vibratiorial state; 

(a) The crystal shape is that of a parallelepiped. 

(b) All stress components but one are small 

enough to be neglected. When the crystal 
is oriented with the long axis of the system 
along the x, coordinate Tg ~ T 3 = = 

~ ^(1 “ 0, r, ^ 0. For many crystal 
systems this condition implies that one 
dimension, called the length, is much 

grater than the other two—width and 
thickness. 

(c) During vibration plane sections of the 
parallelepiped perpendicular to the x, axis 
remain plane sections. 

(d) The piezoelectric coupling is such that a 
held perpendicular to the x, axis causes a ' 
stram in the direction of that axis. 

f are imposed on the 

general equations ( 1 ) the particularised form is: 

+ d„E, + d„E, 

— SiaTi -|- -f- dzjEi 

= s*,?, + dijB, + 

S. = Sur, + d,,E, + 

= »f»r, + d,JE, + (2) 

= of.r. + d,JS, + d,^, 

^1 = di.r. + 

= di.r. + kl,E, + 


To these equations must be added a dynamical 
equation. Thi.s can be derived in the following 
manner. Consider a portion of the cr>'.stal be¬ 
tween two parallel planes perpendicular to the 
J-i direction, which is parallel to the long axis of 
the crystal system and a distance Ax, apart. This 
is illustrated in Figure 15. 





» 




1 


1 


I 


1 

* ■ 

1_ 


X,-hU, x,+ax,+u,+au, 


X, X+AX, 


Figure 15. 


Since this plane section remains a plane section 
under vibration, Newton’s law yields: 

[(ro-.i,, - {r,).,]A = pAx,A % (3) 

ot 

which leads to 


dx, 


d\, 



A current relation is necessary to the investiga¬ 
tion. It may be obtained by noting that the 
current density at the electroded face of a crystal 
is given in terms of the time rate of change of the 
normal component of the electric displacemen 
D, or symbolically: 


iria 


dPn 

dt ‘ 


When the crystal system is oriented with the long 
axis parallel to x,. D, is either Dg or Dg. Since 


and 


1 dP, 

4t dt 


i = 2 or 3 


Pj — Ei -p 4tP, 


therefore, 


1 dEj dPj 
4 t dt dt 
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Equations (2), (4) and (5) constitute the basic 
equations requisite for the discussion of the longi¬ 
tudinal type of vibration. 

Equation (4) may be written in terms of the 
displacement and the electric field by substituting 
for Tx from the first of equations (2) and noticing 

that 5, = i.e., 

OXx 


d*i/, , dEt j dE-i B d’wi 


If but one of the piezoelectric coefficients (dji, 
da,) is large, for convenience of discussion say d,,, 
this c(]uation becomes; 




dx, 


E 

Sup 


dC 


However, if the crystal is electroded on the faces 
parallel to the x, Xj plane 


and the above equation further reduces to 






a — 


de' 


( 6 ) 


The eejuations used as the basis of the theory of 
Part II are obtained from the relations under dis¬ 
cussion by making suitable changes in notation 
and convention. 

We collect the first and eighth of equations (2) 
with d-,, equal to zero, equation (5) and equation 
(6) below; 

S, = sr.r. + d„£.’. 


(a) 

d’i 1 

dx* P’dP 

(b) 

1 dEf dP 

4*- at at 

Cc) 

~y =sY + dE, 

(d) 

P = dT -b KE, 


These equations arc identical to those on page 
151. 


Table of Cokrespondinq Notation 



The I'oiu^ of d is the negt^ivt of the value of du 


* 

% 


* 


* 


In considering the thickness type of vibration, 
it is advantageous to choose the strain and electric 
field as the independent variables in the pie»o- 
electric relations. Consequently, the relations for 
this case can be stated concisely as: 






_L 

4ir dl dl 



d _ B d H i 

a/’ 

Extensional stress has been defined as positive 
for the derivation of these equations. However, 
if we consider compressional stress positive, 
and make the notational changes as indicated 
in the table, the equations (7) take the form; 


r = c*5 - e,E 

(9) 

^ eS + 

where the constants cf,, c,, and k f, are functions of 
the sf, d,, and kj^, of equations (1), page 176. 

The following properties will be taken as defin¬ 
ing this type of vibration: 

(a) The crystal form is that of a plate whose 
thickness is small compared to the other 
dimensions. 

(b) All strain components but one are small 
enough to be neglected. When the crystal is 
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oriented in the coordinate system with the 
large faces parallel to the X 3 X 3 plane S 3 = 
S 3 •• • = St = 0 , Si ^ 0 . 

(c) During vibration plane sections of the plate 
parallel to the large faces, that is, parallel to 
the X 2 X 3 plane, remain plane sections. 

(d) The piezoelectric coupling is such that a field 
in the direction of the normal to the X 3 X 3 
plane gives rise to a stress in the direction of 
the normal. The remaining two components 
of the field are small enough to be neglected. 

When subjected to these conditions, the general 
equations (9) become: 

^ 1 , ~ Cii5i — CiiEi 
'^2 = CijiSi — €\2Ei 

— C,a5| 

T, = - ei,Ei 

== cfjSi — eitEi (10) 

r, = cf,S, - CiJS 
Pi = enSi + kfiEt 
P 2 = e2iSi + kf2Ei 
Pi — Cai^i + kf^Ei 

To this set of equations must be added a dy¬ 
namical equation. The derivation is the same as 
that for the preceding case. Consider a plane sec- 
ion parallel to the large faces with thickness Axi. 
s p ane section would, in accordance with the 
oice of axes previously employed, be parallel to 
® ^ 2 X 2 plane of the coordinate system. Then 


Equations ( 8 ), (II) and (12) are the basic 
equations requisite for the analysi.s of the tliick- 
ne.ss type of vibration. 

The .‘Stress component, 7’,, can be eliminated 
from equation ( 11 ) by .substituting from the 
first of equations (10). This leads to: 



Since 5, 


dUi 

dx, 


, this maj' be written 



The term involving the field component, Ei, 
can be expressed in terms of the displacement com¬ 
ponent, a,. Due to the absence of free charge in 
the interior of the crystal, the divergence of the 
electric displacement is zero, i.e., V D = 0 or 


dPi dP, dD3 

dx, 6 x 2 6 x 3 

4 



(14) 


How'ever, D, = E, + 47 rP,, P, = E, 4 irp 2 and 
P 3 — E 3 + 4irP.v Observing that Pj and E 3 are to 
be neglected, and that P 2 and P 3 are related to 
Si and El by the last tw’o equations of ( 10 ), it 
follow's that: 


dP2 . dS, 
dx2 ^ dx2 


_|_ us d]^ 

^ dx 2 ] 


and 


dP3 

dx. 


= 4jrj^C3, 


dS, 

dx. 


+ k 


s dE 1 ~| 

dx,] 


Equation (14) then yields: 


0 


0 . 



d(Ei + 47rP.) 
dxi 


dTi d\ 

(11) 

current density relation has the 



-IMt I dPi 
47r af '*■ dt' 



Therefore, 

El 47rP, = C or Pi — ^ 4^^’ 

where C is a constant to be determined. When we 
substitute this expression for P, into the seventh 
equation of ( 10 ), namely, Pi = Cu*Si + knEi, 
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and differentiate the resultant expression with 
respect to X, we obtain, upon noting that 



du. 



the equations (15) become; 
-5, = s7 + dEr 

p, = dT + KEx 


dEi _ 4yen d^Ui , 

” 1 + 4xtn 


1 ag, aPt 

4t d« “*■ d< 



Substituting this expression into (13) yields: 



cf.d + 47rA:f,)J 




Compiling the equations basic to the discussion 
of this type of vibration, we have the first and 
seventh of equations (10), equation (12) and 
equation (14), or explicitly: 


_ 4yd^ _”1 _ 3*U| 

5(1 + 4irK — 4Td*/s)J dxi ^ dt* 

Upon introducing the changes in notation given 
in the table below, equations (17) assume the final 

form: 



— y = sK + dE/ 


P = dr + KEf 


(a) Tt — CiiSi Cii^i 

(b) p. = c„s, + 



1 dE, ap, 

4 t di at 


(16) 




‘ire] I "1 

cr.d + 4TA-r,)J 


P/C 


5^, 


i BEf dP 

4y at at 

^ - A ^ 

dx’ V] at' 

The symbol A' is defined by: 

.-1_ 4 yd* _ 

s(l + 4yK - 4yd*/«) 


Solving l()(a) and 16(b) for 5, and P, in terms 
of T, and E, we have: 



When the definition of stress components is 
changed so that eompressional strcvss is considered 
positive and introducing symbols definetl as fol¬ 
lows: 



r = -7’, 


Table of Corkesfondino Notation 


£ <-► S, 

Er 

P P, 

i Hi 

• • 

t4 

X Xl _ 

v% 

^ ps 

Note: The use of the symho/s S, d, K does not 
imply that the I'olues s, d, K appearing in equations 
(17) arc equal to any of the s*, d^j, JtJi appearing in 
equations (2). 7'hese sym6o/s arc employed so that 
the jfimt7ari7y of the corresponding equations for the 
tUH) types of vibration will be tmmcdiofriy reeognu- 
06 /r. 
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APPENDIX D 

FUNDAMENTAL EQUATIONS FOR THICKNESS VIBRATION 




This appendix contains the results of a detailed 
analysis of crystals in thickness vibration. The 
basis for the analysis was the set of equations 
(17) of Appendix C. These were derived by im¬ 
posing the conditions defining a thickness vibra¬ 
tion on the general equations of piezoelectricity. 
The conditions which characterize a thickness 
ibration are presented on page 178. 

The crystal imbedded in an orthogonal coordi¬ 
nate system is shown in Figure 16. The large faces 
are perpendicular to the x, axis. 





FiauRE 16 . 


We proceed with the summarization of the 
results of the analysis. The basic equations for the 


thickness vibration as derived in Appendix C are 

— y = sY + dEf 


P dY -Y KE, 


■ 1 dEf dP 

4t dt dt 


(18) 


J §1^ 

dx^ 17 dP 

where 5, d and K are related to the fundamental 
constants of the crystal as follows: 


s = ~ = _ in 

C\\ C|| 




(See Appendix C equations (9).) 

These equations (18) are identical in form with 
the basic equations (8) for the longitudinal state 
of vibration. However, due to the difference in 
the orientation of the electric field in the two cases, 
the theory based on these two sets of relations is 
not identical. 

The following four equations summarize the 
results of the analysis of the thickness type of 
vibration: 


t(l + A) = {.[(1 + A) cosf- - (iH- cos!^ 

[f(l + A) 4- ,=£(1 + £’(1 - cos ^))] 


. wxl . [Fi 
-Jsmy-J-J- 




= [£.(1 + A) + cos sin 5^)(l - cos 


- + JT’) sin ^ {1 + A) - 

L a>Lr-\ 


— cos 


o)L 


|)(l - cos ^)] (19), 


= i -f- 


^,(1 + A) = f: [1 +_,,, -)] +_ 


COS 


u>x 


f - [i ^ f)) 


cos 4- sin ■— (I -t- A) 
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where 


.=v 


1 + A 


>•2 




Co = 


= ^ (1 + 4x/c - 4TdV«) 


• -iiS 

z. - ./ 


A-’ = 


4ird’ 


S(1 + 4irK - 4irdVa) 


.s(l + K 

A is the area of the large faces of the crystal and 
L, is the thickness of the crystal. The remaining 
symbols are defined in Appendix A. The time 
dependence of the various quantities has been 
eliminated from these equations (unbarred sym¬ 
bols). 

The equations (10) should be compared with 
equations (1), Part II. The corresponding equa¬ 
tion for the electric field is not given on page 151 

of Part II. It i.s E, = -p. 

We find, ui)on examination of the two sets of 
equations, that the only terms which are not the 




same in the corresponding equations are those 
multiplied by K^. For most crystal cuts in use, with 
the exception of X-cut Kochelle Salt A"* < 0.1. 
Consequently, the terms involving K* may be 
neglected in many investigations of the properties 
of cr>’stal systems. To this approximation, the 
fundamental equations are identical to those for 
the longitudinal type. Therefore, when no greater 
accuracy is required the design curves of Part I 
can be used for the discussion of the various 
characteristics of crj'stal systems in this type of 
vibration. The only changes necessary are the ( 
redefining of the parameters and Co vii.: 


= ;(£) = 


= 


.4 




(1 + 4wK - 4TdV«) 


For convenient reference, we tabulate the fundamental equations for the thickness vibration where 
terms involving A’’ have been neglected. 


(a) 


; ; wx ■ \EI vcAl . ux 

i = {, cos y - j ' ’ sin 


Z. 


V. 


(b) 


(c) 

(cl) 


{F 4- ^E] = [F, + spF] cos - ji,Za sin ^ 

h(jo)Cn) “ I + ¥>({» ~ il) 

E, = E/L, 


( 20 ) 


where 


V 


= yjl- 


.1 


Co - (1 + AtK - 4irdVs) 


(i A 

f ~ T 

s L, 


Z. 






A is the area of the large faces of the crystal. 
L, is the thickness of the crystal. 
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